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Abstract 



Let £ be a complex £th root of unity for an odd integer i > 1. For any complex simple Lie 
algebra g, let uq — uq(q) be the associated "small" quantum enveloping algebra. This algebra is a 
finite dimensional Hopf algebra which can be realized as a subalgebra of the Lusztig (divided power) 
quantum enveloping algebra Uq and as a quotient algebra of the De Concini-Kac quantum enveloping 
algebra Uq. It plays an important role in the representation theories of both Uq and Uq in a way 
analogous to that played by the restricted enveloping algebra u of a reductive group G in positive 
characteristic p with respect to its distribution and enveloping algebras. In general, little is known 
about the representation theory of quantum groups (resp., algebraic groups) when I (resp., p) is 
smaller than the Coxeter number h of the underlying root system. For example, Lusztig's conjecture 
concerning the characters of the rational irreducible G-modules stipulates that p > h. The main 
result in this paper provides a surprisingly uniform answer for the cohomology algebra H* (uq , C) of 
the small quantum group. When I > h, this cohomology algebra has been calculated by Ginzburg and 
Kumar jGKj . Our result requires powerful tools from complex geometry and a detailed knowledge of 
the geometry of the nullcone of g. In this way, the methods point out difficulties present in obtaining 
similar results for the restricted enveloping algebra u in small characteristics, though they do provide 
some clarification of known results there also. Finally, we establish that if M is a finite dimensional 
w<;-module, then H* (uq, M) is a finitely generated H*(w^, C)-module, and we obtain new results on 
the theory of support varieties for uq. 
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Introduction 



Let Qp be a finite dimensional, restricted Lie algebra (as denned by Jacobson) over an algebraically 
closed field F of positive characteristic p, with restriction map x h-> x^ p \ x <E qf- The restricted 
enveloping algebra u ;= u(qf) of Qf is a finite dimensional cocommutative Hopf algebra. In general, 
the cohomology algebra H'(u,F) is difficult to compute. However, Suslin-Friedlander-Bendel jSFBIL 
SFB2] proved that, putting A :— H 2 '(u,F) (the commutative subalgebra of the cohomology algebra 
concentrated in even degrees), the (algebraic) scheme Spec A is homeomorphic to the closed subvariety 
A/i(0f) := {x G Qf '■ x^ = 0}. We call Ni(qf) the restricted nullcone of qf', it is a closed subvariety 
of the full nullcone AF(qf) which consists of all [p]-nilpotent elements in 0^- 

When Qp is the Lie algebra of a reductive algebraic group G over F, the above results can 
be considerably sharpened. For example, if p > h (the Coxeter number of G), then H 2 *(u,F) = 
F[N"i(qf)], the coordinate algebra of A/"i(0f) (cf. Friedlander-Parshall [FP2J and Andersen- Jantzen 
[AJ] V In addition, the condition p > h implies that A/i(0f) = AF(qf)- However, when p < h, there 
is no known calculation of H*(it, F) (apart from some small rank cases). For all primes, Mi(qf) is an 
irreducible variety |NPV1 (6.3.1) Cor.], |UGA21 Thm. 4.2] and is the closure of a G-orbit. These orbits 
have been determined in [CLNPj . |UGA21 Thm. 4.2]. 

Now let = 0c be a complex simple Lie algebra, and let Uq = U^(q) be the quantum enveloping 
algebra (Lusztig form) associated to at a primitive Ith root of unity ( e C. We regard Uq as an 
algebra over C obtained by base change from the quantum enveloping algebra over the cyclotomic 
field Q(C)- Here I > 1 is an odd integer, not divisible by 3 when has type G2. The representation 
theory of t/f, when I = p, models or approximates the representation theory of G. For example, 
part of the "Lusztig program" to determine the characters of the irreducible G-modules amounts to 
showing, when I = p > h, that the characters of the irreducible G-modules having high weights in 
the so-called Jantzen region coincide with the characters of the analogous irreducible modules for . 
This result has been proved by Andersen- Jantzen-Soergel [AJS] for all large p (no lower bound known 
except for small rank). Recently, Fiebig Fie], improving upon the methods of [AJS], has provided 
a specific (large) bound on p for each root system sufficient for the validity of the Lusztig character 
formula. The original conjecture for p > h remains open. 

For all /, Lusztig [Ll] has also introduced an analog, denoted := u^(q), of the restricted envelop- 
ing algebra u. Like u, is a finite dimensional Hopf algebra, though it is in general not cocommuta- 
tive. It plays a role in the representation theory of much like that played by u in the representation 
theory of G. For I > h, Ginzburg-Kumar [GK have calculated the cohomology algebra H*(u^,C). By 
an exact analogy with the cohomology algebra of of u, they prove that H 2 *(m^,C) = C[Af(o)], the 
coordinate algebra of the nullcone A/"(g) consisting of nilpotent elements in 0. Recently, Arkhipov- 
Bezrukavnikov-Ginzburg }ABG| §1.4], taking jGKj as a method to pass from the representation theory 
of quantum groups to the geometry of the nullcone, provide a proof of Lusztig's character formula for 
[7f when I > h. These important connections have made the small quantum group uq an object of 
significant interest (cf. |ABBGMj . [AG] . [Be] . [Lacll [Lac2] ) . 

This paper presents new results on the cohomology of u^. In particular, we compute the cohomol- 
ogy algebra H'(it£, C) in most of the remaining cases when / < h. Our results are explicitly described 
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in Section 1.2 below. We prove in Chapters 2-5 that H 2,+1 (u£, C) = 0, while H 2 '(u^, C) is isomorphic 
to, in most cases, the coordinate algebra of an explicitly described closed subvariety A/"($o) OI A/"(fl) 
(constructed in a similar way to the variety Mi(qf) discussed above). In Chapter 2, we rigorously de- 
velop and present new results on the cohomology theory of parabolic subalgebras for quantum groups. 
The application of powerful tools from complex geometry represents at least one advantage that the 
quantum enveloping algebra situation (in characteristic zero) has over that in positive characteristic. 
In Chapters 3 and 5, we demonstrate how the Grauert-Riemenschneider theorem and the normality 
of certain orbit closures in namely, the varieties 7V'('I > o)j pl&y a vital role in carrying out our 

cohomology calculations. Some of the major input in our calculations occurs in Chapter 4, where we 
analyze the combinatorics involving the multiplicity of the Steinberg module in certain cohomology 
modules related to unipotent radicals of parabolic subalgebras. 

In Chapter 6, we prove that R := H*(m£,C) is a finitely generated C-algebra. Also, we show 
that if M is a finite dimensional u^-module, then H°(u(,M) is finitely generated over R. Chapter 7 
adapts some of our methods to the cohomology algebra H'(u,F) in positive characteristic, making 
some ad hoc computations in [A J) more transparent. In particular, we can identify key vanishing 
results, known over C, and as yet unproved in positive characteristic, which would be sufficient to 
extend the cohomology calculations to positive characteristic p. 

Finally, by building on results in Chapter 6, we define support varieties in the quantum setting 
in Chapter 8 and exhibit some new calculations on support varieties. The theory of support varieties 
for the restricted Lie algebra qf attached to a reductive group G in positive characteristic provides 
evidence for beautiful connections between the representation theory of G and the structure and 
geometry of the restricted nullcone M(Bf) ( [NPV] . [CLNPj, [UGAlj . }UGA2j h The results of this 
paper strongly reinforce this expectation (as do those in |ABG| mentioned above). 

A number of applications and further developments which heavily depend on the foundational 
results of this paper have arisen since this manuscript first appeared as a preprint. Drupieski [DrlL IDr2] 
has used the methods of this paper to investigate the cohomology and representation theory for 
Frobenius-Lusztig kernels of quantum groups. Moreover, Feldvoss and Witherspoon have shown how 
to apply our calculations to determine the representation type of the small quantum group |FeW] , 
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CHAPTER 1 



Preliminaries and Statement of Results 



After introducing some notation, this chapter discusses the main results of this work. These 
results are all concerned with the cohomology algebra H*(u^(g), C) of the small quantum group u^(g) 
at a root ( of unity associated to a complex, simple Lie algebra q. Applications are presented to 
the calculation of support varieties over uq for certain classes of modules for the quantum enveloping 
algebra Uq. 



1.1. Some preliminary notation 

Let $ be a finite and irreducible root system (in the classical sense). Fix a set LI = {ai, • • • , a n } 
of simple roots (always labeled in the standard way |Bol Appendix]), and let <& + (respectively, $~) be 
the corresponding set of positive (respectively, negative) roots. The set $ spans a real vector space 
E with positive definite inner product (u,v), adjusted so that (a, a) = 2 if a £ $ is a short 

root. If $ has only one root length, all roots in $ are both "short" and "long". Thus, if <fr has two 
root lengths and if a £ <fr is a long root, then (a, a) = 4 (respectively, 6) when 4> has type B n , C n , F4 
(respectively, G 2 ). For a£$, put d a := £ {1,2,3}. 

Write Q = Q($) := Z$ (the root lattice) and Q + = Q + ($) := N$+ (the positive root cone). If 
J C II, let $j = $ n ZJ. If J = 0, put $,7 = 0. If J 7^ 0, $j is a closed subroot system of $. By 
definition, a nonempty subset <£' C $ is a closed subroot system provided that, given a £ it holds 
that —a g <£>', and, given a, /? € $' such that a + /3 € $, it holds that a + (3 £ As discussed below, 
for many of the closed subsystems $' important in this work, it is possible to find w £ W and J C II 
so that w($>') = $,/; in other words, a simple set of roots for $' can be extended to a simple set of 
roots for $. If a — X)"=i m i a i € its height is defined to be hta := mi + • • • + m„. 

For a £ $, write a v = a for the corresponding coroot. Therefore, $ v := {a v : a £ $} is the 
dual root system in E defined by $. We will always denote the short root of maximal height in $ by 
ao; thus, Oq is the unique long root of maximal length in $ v . Forl<i,j'<n, put Cjj = (ay, a/) G Z. 
The Cartan matrix C :— [cjj] of $ is symmetrizable in the sense that DC is a symmetric matrix, 
letting D be the diagonal matrix diag[c? Ql , • • • , d an }. 

Let X + C E be the positive cone of dominant weights, i.e., X + consists of all vo £ E satisfying 
(w,a^) £ N, i = ,n. Define the fundamental dominant weights vui,--- ,vu n £ X + by the 

condition that (zui,Oj) = 6ij, for 1 < i,j < n. Therefore, X + = Nroi © • • • © Nva n . For convenience, 
we will occasionally let m$ denote the 0-weight. Put X = %W\ © • • • © Zra7 n (the weight lattice). For 
vj £ X, a £ $, (vj, a) = d a (m, a v ) £ Z. The weight lattice X is partially ordered by putting A > /i 
if and only if A — fx £ Q + . 

The Weyl group W of $ is the finite group of orthogonal transformations of E generated by the 
reflections s a ■ E — >• E, a £ <f>, defined by s a (u) — u — (u 1 a v )a, u £ E. If S := {s Ql , • • • ,s Q „}, then 
(W, S) is a Coxeter system. Let t : W — > N be the length function on W; thus, if w £ W, £(w) is the 
smallest integer m such that w — sp x ■ ■ ■ s/3 m for /3j £ II. 
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Let I be a fixed positive integer. For a € $,raeZ, let s Qjm : E — > E be be the affine transformation 
denned by 

s a ,m{u) = u — a v ) — ml)a, Vu £ E. 
If m = 0, then s ajm = s aj o = s a G Vy. The affine Weyl group W\ is the subgroup of the group 
Aff(E) of affine transformations of E generated by the reflections s a ,m, a £ $,m e Z. Let Si := 
{s ai , ■ • ■ , s«„i s a ,-i}- Then (Wi, Si) is a Coxeter system. If IQ is identified as the subgroup of Aff(E) 
consisting of translations by ^-multiples of elements in Q, then Wi = W k IQ. The extended affine 
Weyl group Wi is obtained by putting Wi = W k IX . Although Wi need not be a Coxeter group, it 
contains Wi as a normal subgroup satisfying Wi/Wi = X/Q. The quotient map Wi —> W = Wi/lX is 
denoted by w i— > TtJ. 

We will generally use the "dot" action of Wi on E: for w € Wi, u G E, put w ■ u :— w(u + p) — p, 
where p :— w\ + ■ ■ ■ + w n = \ SaG<i>+ a e ^+ ' 1S ^ e Weyl weight. 

The Coxeter number of $ is defined to be h = (p, ccq) + 1 = ht(o;Q ) + 1. Thus, /i — 1 is the height 
of the maximal root in $ v , or, equivalently, in The integer h plays an important role in this paper, 
and often serves as a kind of "event horizon" in representation theory. 

Suppose that A and B are augmented algebras (over some common field). In case A is a subalgebra 
of B, it is called normal in B provided that BA + = A + B, where A + denotes the augmentation ideal 
of A. In this situation, we form the augmented algebra Bj /A := B/I, where / := BA+, a two-sided 
ideal in B. It will sometimes be convenient to write A < B to indicate that A is a normal subalgebra 
of B. If A is a normal subalgebra in B, there is, of course, a spectral sequence which relates the 
cohomology of B with that of A and A//B. It will play an important role later in this paper. See 
Lemma \2. 8. II for more details. 

1.2. Main results 

Let G = Gc be the connected, simple, simply connected algebraic group over C with Lie algebra 
g = 0C and root system $ with respect to a fixed maximal torus T C G. Let t = LieT be the 
corresponding maximal toral subalgebra of q. Given a € $, let g Q C g be the a-root space. Put 
$+ Qa (the positive Borel subalgebra of g), and b — t® Qa (the opposite Borel 

subalgebra) . 

For J C II, let lj = t © © ae $ j Qa be the Levi subalgebra containing t and having root system 
$j. Then p,/ - 1,; ffl Uj 3 b is a parabolic subalgebra of g, where uj — Qa is the nilpotent 

radical of pj. The parabolic subgroup of G with Lie algebra pj is denoted Pj. The Levi factor of 
Pj having Lie algebra lj is denoted Lj. In particular, B := Pj where J = is the standard Borel 
subgroup of G containing T (as its Levi factor) and corresponding to the negative roots. 

The group G acts on its Lie algebra g via the adjoint action. Under this action, G stabilizes the 
subset Af = A/"(g) of nilpotent elements in g — recall that x £ g is nilpotent provided that d(f>(x) acts 
as a nilpotent operator for any finite dimensional faithful rational representation 4> : G — > GL(V). We 
will refer to Af as the nullcone of g. For J C n, define 

Af(<!> j) := G ■ Uj C Af C Q. 

Because the quotient variety G/Pj is complete, an elementary geometric argument (StJ p. 68] estab- 
lishes that A/"($j) is a closed subvariety of g, which is clearly irreducible (since G is irreducible). Also, 
Af(Qj) is G-stable under the restriction of the adjoint action of G; it has codimension in g equal to 
dim [j. In particular, Af(&0) — Af is a closed, irreducible (and normal) subvariety of g of codimension 
n = rank(g). 

The varieties Af(&j) play a central role in this paper (for particular subsets JCII which depend 
on a choice of an integer I introduced below). They can also be described in another way. It is known 
that the parabolic subgroup Pj with Lie algebra pj has an open, dense orbit in uj. Choose any 
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element x belonging to this orbit, and let O = Cj be the G-orbit of x. Then J\f($j) is the Zariski 
closure O in g of O. The orbits O in Af which arise as some Cj, J C II, are called Richardson orbits. 
If J = 0, then A/"($j) = A/" is the closure of the unique regular orbit in J\f. If the Levi factors Lj and 
Ljc are G-conjugate (i.e., if the subsets J, K of II are W^-conjugate), then |JR1 Thm. 2.8] establishes 
that Cj — Ck- Thus, 

(1.2.1) if J,K C n are Unconjugate, then Af($j) = Af ($*•). 

Let I > 1 be a fixed positive integer. Let ( 6 C be a primitive ith root of unity, and let U$ := Uq(q) 
be the (Lusztig) quantum enveloping algebra attached to the complex simple Lie algebra g with root 
system $. This algebra is obtained from a certain integral form of the generic quantum group over 
Q(<z) by specializing q to £. In addition, has a Hopf algebra structure, which will be more fully 
discussed in Section 2.2 below. Furthermore, U$ has a subalgebra — v-do) which is often called the 
"small" quantum group. It has finite dimension equal to Z dlmfl . As an augmented subalgebra of U^, 
the small quantum group uq is normal. In fact, U^j ju^ = U(g), where U(g) is the universal enveloping 
algebra of g. 

It will usually be necessary to impose some mild restrictions on the integer I. These restrictions 
are indicated in the two assumptions below. Throughout we will be careful to indicate when the 
restrictions are in force. 

Assumption 1.2.1. The integer I is odd and greater than 1. If the root system $ has type Gi, then 
3 does not divide I . In addition, I is not a bad prime for $ . ( See Section 3. 1 for the definition of a 
bad prime.) 

Let 

(1.2.2) $ = $0,; :={q€$ (p,a v ) = Omod/}. 

If I satisfies Assumption 11.2.11 then $o is either the empty set or a closed subroot system of $. 
When $o is not empty, there exists a non-empty subset J C II and an element w £ W such that 

w($>o) — an d, moreover, such that w($J) = 

See Theorem 13.4.11 If w' € W and J' C II also satisfy w'($o) = then (|1.2.ip guarantees that 
JV(&o) = Af($j>). Therefore, we can write A/"($o) : = A/'( < I > j) as a well-defined closed subvariety of 
the nullcone JV. 

If I > h, then $o = - If t- < h, an explicit subset J C II such that <&o is a M^-conjugate of $j is 
given in Chapter 3 for each of the classical types A, B, G, D. Similar information for the exceptional 
types Ee,Er,Eg,F4,,G2 (together with an explicit w £ W such that u>($o) = $j) is collected in 
Appendix A.l. 

We will often require the following additional restriction on I. 

Assumption 1.2.2. Let I be a fixed positive integer satisfying the Assumption \1.2A\ Moreover, 
assume that when the root system 4> is of type B n or type C n , then I > 3. 

The theorem below presents a computation of the cohomology algebra H*(u^,C) = Ext* (C, C) 
of the small quantum group u^. It is a well-known result (see [Mac! p. 232] or |GK[ Cor. 5.4]) that, 
given any Hopf algebra H over a field k, the cohomology algebra H'(H, k) is a graded-commutative 
algebra (so that, in particular, the subalgebra concentrated in even degrees is a commutative algebra 
over k). Additionally, because the algebras uq are normal subalgebras of Uq, the cohomology spaces 
H*(tt£,C), for any non-negative integer i, acquire a natural action of Uq/ /uq = U(g), the universal 
enveloping algebra of g; see |GK[ Lem. 5.2.1]. Since uq is finite dimensional, each space H l (u^,C) is 
therefore a finite dimensional g-module, and thus it is a finite dimensional rational G-module. In the 
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following result, we identify H*(it£, C) as a rational G-module. In fact, in most cases, we can identify 
it as a rational G-algebra. 

This theorem extends the main result due to Ginzburg and Kumar |GK[ Main Thm.], which 
calculated the cohomology algebra H*(?i^,C) in the special case in which I > h. Specifically, their 
work established that H*(it£, C) = H 2 *(u^, C) is concentrated in even degrees, and it is isomorphic to 
the coordinate algebra C[JV] of the nullconc JV of g. 

Theorem 1.2.3. Let I be as in Assumption \1.27l\ and let — u^(g) be the small quantum group 
associated to the complex simple Lie algebra q with root system $ at a primitive Ith root of unity £. 
Choose w £ W and J C II such that w($q ) — <I>j. Assume that J is as listed in Chapter 3 (for the 
classical cases) and in Appendix A.l (for the exceptional cases). Then the following identifications hold 
as G-modules under Assumption 1 1.27H Furthermore, in part(b)(i), the identification is as rational 
G-algebras under the additional Assumvtion 1 1 . 23?[ 

(a) The odd degree cohomology vanishes (i.e., H 2,+1 (m^,C) = 0). 

(b) The even degree cohomology algebra H 2, (u^,C) is described below. 

(i) Suppose that I \ n + 1 when $ is of type A n and I ^= 9 when $ is of type Eq . Then 

H 2, (w c , C) S ind£, S'(u*j) S C[G x Pj uj] 

where G x Pj uj is defined in Section 3. 7. If we assume further that I ^ 7, 9 when $ is 
of type Eg, , then 

H 2 > C ,C)-C[AA($ )]. 

(ii) // $ is of type A n and I | n + 1 with n + 1 = l(m + 1), then 

H 2 > c , C) S ind% S 2 - lm \ lw ^ (u * } 8 mt(m+i) 
\t=o 

(Recall the convention that zuq = O.J 

(iii) // $ is of type Eq and I — 9, one can take J — {a^\. Then 

H 2 ' (u c , C) S indg, (S m (u}) {S 2 -^ (u*j) <g> m) © (u}) ® H7 6 )) . 

We emphasize that the isomorphisms in (b(ii)) and (b(iii)) are only isomorphisms as rational 
G-modulcs. After considerable preparation in Chapters 3 and 4, Theorem 11.2.31 will be proved in 
Chapter 5 (see Sections 5.5 and 5.7). 

In most cases in Theorem ll.2.3[ the algebra H*(m^, C) = H 2, (u^, C) identifies with the coordinate 
algebra C[7V(3>o)] of the affine variety 7V($o), an d it is, therefore, a finitely generated algebra over C. 
However, in Chapter 6, we show that, more generally, the algebra H*(u£,C) is a finitely generated C- 
algebra. These remaining cases require individual arguments. More specifically, we have the following 
result. 

Theorem 1.2.4. Let I be as in Assumption 1 1.2.2} 

(a) The algebra H*(uf,C) = H 2, (u^,C) is a finitely generated, commutative C-algebra. 

(b) For any finite dimensional u^-module M, H'(u£,M) is finitely generated as a module for 
H*(uf,C) (where the action is described in [PW, Rem. 5.3, Appendix]/ 

Theorem 11.2.41 has also recently been proven by Mastnak, Pevtsova, Schauenberg, and Wither- 
spoon [MPSW1 Corollary 6.5] only assuming the conditions of Assumption II .2.1] They work in a more 
general context of pointed Hopf algebras. 

The above theorem points to an important application to the theory of support varieties for u^. 
Namely, Theorem 11.2.41 implies that, given a finite dimensional u^-module M, the support variety 
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Vg(M) can be defined as the maximal ideal spectrum Maxspec(i?/ Jm), letting Jm be the annihilator 
in R := H'(u c (g),C) for its natural action on Ext* (fl) (M, M) (cf. [FW1 §5]). 

For A e X +! let V^(A) = H°(A) denote the associated induced [/^-module. (See Section [2.101 
for more details on these modules — often called costandard modules.) Of course, each V^(A) can be 
regarded by restriction as a module for the small quantum group uq. Our third major result provides 
a computation of the support varieties of these modules. 

Theorem 1.2.5. Let I be as in Assumption \1.2M Let A G X + and let Vf(A) = H°(A) be the 
costandard module for Uq of high weight A. Suppose that (l,p) — 1 for any bad prime p o/$. Then 
there exists a subset J C II such that 

V fl (V c (A)) = G-uj. 

Besides the costandard [/^-modules, another important class of [/^-modules are the Weyl (or 
standard) modules Af(A), A 6 X + , which can be defined as duals of the costandard modules Vf (A). 
Precisely, Af(A) = Vf(A*)*, where A* is the image of A under the opposition involution on X + . 
The modules Vf(A) and A^(A) are both finite dimensional with characters given by Weyl's classical 
character formula. The statement of Theorem 11.2.51 remains valid if each V^(A) is replaced by A^(A). 

Theorem ll.2.5l is proved in Section 8.3, where the subset J is explicitly identified in terms of the 
closed subset $a,2 of $ (defined in (3.1.1)). In particular, the theorem shows that the support variety 
of V^(A) is the closure of a Richardson orbit in Af(g). We also calculate support varieties of Vf (A) in 
the case of bad I. Within these computations we present examples, showing that even when I > h, if 
p | I where p is a bad prime for then V (Vf (A)) need not be the closure of a Richardson orbit. The 
calculation of support varieties given in Theorem 11.2.51 perfectly mirrors similar results in |NPVj for 
the restricted Lie algebra of a simple algebraic group over a field of positive characteristic. 



CHAPTER 2 



Quantum Groups, Actions, and Cohomology 

This section lays out the framework for the results in the paper. Even though our main results 
involve the computation of the cohomology for the small quantum group u^(g), it will be necessary 
to construct subalgebras U g (uj) (and U^(uj)) corresponding to nilpotcnt radicals uj of parabolic 
subalgebras pj of g. This construction will necessitate the use of Lusztig's construction of a PBW 
basis for the full quantum enveloping algebras U g (fl). 

We also present results on the adjoint action of the „4-form (where A — Q[q, q^ 1 ]) of the quantum 
enveloping algebra V q (pj) of the subalgebras pj on the ,4-form on the algebras U g (uj) associated to 
the unipotent radical Uj. These results will be essential for our cohomological calculations. 

We will also make use of the DeConcini-Kac quantum enveloping algebra = U^(q), as well as 
its subalgebras Uq(Pj) and U^(uj). While the (Lusztig) quantum enveloping algebra U^(q) contains 
the small quantum group u^(fl) as a subalgebra, u^(g) is a quotient algebra of U^(q). In the final part 
of this section, we prove several results on the formal characters of cohomology groups of the algebras 
Uq{uj) in the context of an Euler characteristic calculation. 

2.1. Listings 

Let $ be an arbitrary root system with associated Weyl group W . Let wq € W be the longest 
word, and set N = |$ + |. A reduced expression w = sp 1 ■ ■ ■ S/3 N (where the Pi £ II are not necessarily 
distinct) determines a listing 

71 = A, 72 = S/3i(/?2), • • • ,1N = Sft • ■■Sp N _ 1 {fi N ) 

of $ + . Define a linear ordering on $ + by setting, for f3,S E $ + , 

P -< S p = 7j, 5 = 7j with i < j. 

Of course, this ordering depends on the reduced expression chosen for wo- 

Now let J C II, and put $j = $ n ZJ, the subroot system $j generated by J. Set Wj — (s a : 
a e J), the Weyl group of $j, let wo.j G Wj be the longest word in Wj, and let w.j :— Wo,jWo- 
Observe that wo — wo.jwj satisfies £(wo) — £(wq.j) + £(wj). Once the subset J is fixed, it will 
often be useful to fix a reduced expression for wq by first choosing one for wq,j and then extending 
it by a reduced expression for wj. If |$j | = M, then 71 -< ■ ■ ■ -< jm lists the positive roots <f>j, 
while 7M+1 -<■■■-< Jn lists the remaining positive roots (those in As above, this ordering 

depends upon the choice of reduced expressions. 

Since wq^j is the longest word in Wj, for p € J, 

£(wn,jS/3) < £{w ,j). 

Furthermore, wj is a distinguished right coset representative for Wj in W in the sense that wj is the 
unique element of minimal length in its coset Wjwj. Thus, 

(2.1.1) £{spwj) > £{wj) and hence t{spwj) = t{wj) + 1. 
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2.2. Quantum enveloping algebras 

We now assume that $ is irreducible, and make use of the notation introduced in Section ITTTl Let 
A = Q[q, q^ 1 ] be the Q-algebra of Laurent polynomials in an indeterminate q. Then A has fraction 
field Q(q). We continue to restrict the integer I > 1 according to Assumption I1.2.H Let £ = yl G C 
be a primitive Ith root of unity and let k = Q(C) C C be the cyclotomic field generated by £ over Q. 
We will regard k as an ^4-algebra by means of the homomorphism Q[q, q^ 1 ] — > k, q H> £. 

The quantum enveloping algebra U g = V q (g) of g is the Q(g)-algebra with generators E a , K^ 1 , F Q , 
a G LI, which are subject to the relations (Rl) — (R6) listed in [Jan2, (4.3)] (whose notation we will 
generally follow, unless otherwise indicated). For example, the elements K a = K+ 1 and K~ x , a G II, 
generate a commutative subalgebra of U q such that K a K~ l = 1. Also, for a, (3 Gil, we have 

(K a E K-' = qi ' aV) E = q (ME p ; 
\K a F K^ = q- {P ' aV) F, = q-V'*)F fi , 

where q a = g da . 

In addition, there exists a Hopf algebra structure on U g , with comultiplication A : l] q — > V q ® U 9 
and antipode S 1 : U g — > U g explicitly defined on generators by 

( A(E a ) =E a ®l + K a ®E a ( S(E a ) = -K- x E a 

(2.2.1) i A(F Q ) =F a ® J ft:- 1 + l®F a and < S(F a *) = F a K a 
[A(K^) = ® AT* 1 U^ 1 ) = if* 1 . 

The comultiplication A is an algebra homomorphism. Moreover, the antipode S is an algebra anti- 
isomorphism. The counit e : V q — > Q(<?) is the unique algebra homomorphism satisfying e(E a ) = 
e(F a ) = and e(K^) = 1. See [Jan2l Ch. 4] for more details. 

Let U+ denote the subalgebra of U 9 generated by the E a (a G II), U~ denote the subalgebra of 
U g generated by the F a (a G II), and U° denote the subalgebra of U g generated by the if„ 1 (a G II). 
The generators of the algebra (resp., U~) are subject only to the Serre relations (R5) (resp., (R6)) 
in [Jan2l p. 53]. 

Multiplication gives isomorphisms of vector spaces 

(2.2.2) U+ ® U° ® U" ^ U g £• U7 ® U° ® U+ 

There will be analogous subalgebras E/^ , C/^~ and C/° of the algebra defined below upon special- 
ization to (. In this case, the maps analogous to those in (|2.2.2[) defined by algebra multiplication are 
also isomorphisms of vector spaces. 

The quantum enveloping algebra U q has two ,4-forms, U^ 1 (due to Lusztig) and (due to De 
Concini and Kac). In other words, (resp., U^) is an „4-subalgebra of V q which is free as an 
.A-module and which satisfies 

K ®AQ(q)=V q ^U q A (g> A Q(q). 

After passage to C, these algebras play roles analogous to the hyperalgebra of a reductive group (over 
a field of positive characteristic) and the universal enveloping algebra of its Lie algebra, respectively. 
These A- forms are defined below. 
For an integer i, put 
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and set, for i > 0, = — 1] • • • [1]. By convention, [0] ! = 1. For any integer n and positive integer 
to, write 



[n] [n — 1] • • • [n — to + 1] 



[1][2] 



Set [o] = 1, by definition. The expressions [i] and 



all belong to A (in fact, they belong to 



Z[q, q^ 1 ]). In case the root system has two root lengths, some scaling of the variable q is required. 
Thus, given any Laurent polynomial f <E A and a G II, let f a (^Ahe obtained by replacing q 
throughout by q a = q d <* . 



For a G LT and m > 0, let 



(m) _ Ff T , 



be the TOth "divided powers." Let 

Vf = Vf(g) := lE^\ F<?\ K± x \ a G U, m G n) C U„ 



where (• • • ) means ".A-subalgebra generated by." The algebra admits a triangular factorization 
induced from (|2.2.2|) . in which U+ (respectively, U~, U°) is replaced by the subalgebra Uf" + (re- 
spectively, Ug'~, V^' ). Here U^ :+ (respectively, U^'~) is defined to be the „4-subalgebra of 

generated by the elements (respectively, F a m ^) for a G n and m G N, and U- 4,0 is defined to be 

the ,4-subalgebra generated by the elements 



K ±l 



K a ; m 
n 



_"_ „m—i+l zf-l —m-i+l 

TT JVagq — J^g g a „ j0 

11 „i _ a -i fe U 9' 

i-1 la Ha 



for a G LT, n G N, and to G Z. 
Put 

E>C = ^c(fl) : = — 1, a G LT) <S>a C, 

where in this expression (• • • ) means "ideal generated by • • • ". Here C is regarded as a ,4- algebra via 
the algebra homomorphism A — > C, q i— > (. Let C/7" (respectively, [77, £7?) be the the image in C/^ of 
«u C (respectively, U^>" ®,i C, Vf'° ® A C). 

The Hopf algebra structure on V q induces a Hopf algebra structure on V^, and then passage to 
the field C, one obtains a Hopf algebra structure on the algebra Uq. By abuse of notation, let E a m \ 
etc., a G n, also denote the corresponding elements 1 eg) E a m \ etc. in [/^ (note that £J„ ' = -B a ). 
Therefore, E l a = F l a = and = 1 (by construction) in {J^. The elements E a ,K a ,F a , a G n, 
generate a finite dimensional Hopf subalgebra, denoted uq = Uf(fl), of f/^. The algebra uq is often 
called the small quantum group. 

We now consider the DeConcini-Kac quantum enveloping algebra Uq — Uq{q). To begin, define 
U^ to be the .A-subalgebra of V q generated by the E a , F a , K^ 1 ■ There is an inclusion of .A-forms: 
UfQV-f. Then set 

U c =Uc(a) ~uf® A c, 

the algebra obtained by base-change (i. e., C is regarded as an ^4-algebra via the same algebra homo- 
morphism A. y C, q i y as above.) Finally, put 

Uq=Uq(q) :=W c /(l®^-l®l,aGn). 

As with the quantum enveloping algebra Uq , the algebra Uq also inherits a Hopf algebra structure from 
that of V q . However, unlike the inclusion Uq C of A- forms above, Uq is not generally a subalgebra 
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of Uq. The algebra Uq has a central (and hence normal) subalgebra Z such that = Uq/ / Z; see }DK[ 
Section 3] for more details. An explicit description of Z will be given in Section 2.7. 

All the ^-modules M considered in this paper will be assumed to be integrable and type 1. 
Usually, this will be assumed without mention, but occasionally we repeat it for emphasis. In other 
words, each Ei,Fj acts locally nilpotently on M. In addition, M decomposes into a direct sum 
(J) AgX M\ of M\ weight spaces for A € X. Thus, if v € M\, 




for all a e II, to e Z, n e N. 

2.3. Connections with algebraic groups 

Let U(g) be the classical universal enveloping algebra of the complex simple Lie algebra g with root 
system The Lie algebra g has Chevalley generators e a , f a , h a , a € II, which satisfy certain well- 
known relations, providing a presentation of the algebra U(g) |Hum[ §18.3]. The Frobenius morphism 
is a surjective (Hopf) algebra homomorphism 

Fr : U c -» U(fl). 

If I is the augmentation ideal of U(, then Ker Fr = IU( = U^I. In other words, it( is a normal Hopf 
subalgebra of U$ such that Uq/ /uq = U(g). Given a £ LI, let to be a positive integer. If m — al + b, 
where < b < £, then 

'Fr(Ei m) ) = 5 b , Q ei a) 
Fr(Fi m) ) = S b , Q fi a) 
Fr([ K «' 1 ]) = h a . 

In this expression, we have put — ~t\ e a an d fa** = ~hfa ( CI - EH)- 

By means of the algebra homomorphism Fr, modules for the Lie algebra g can be "pulled back" 
to give modules for Uq: given a g-module M, M M := Fr*M denotes the Uq module obtained from M 
by making x G U{ act as a linear transformation on M by Fr(x). If M is a locally finite U(g)-modulc 
(e. g., finite dimensional), then A/W is an integrable, type 1 [/^-module. Conversely, a ^-module N 
on which uq acts trivially can be made into a U(g)-module via the Frobenius map, so that N = MM 
for a locally finite U(g)-module M. 

Let G be the complex simple, simply connected algebraic group having Lie algebra g. Let B D T 
(respectively, B + D T) be the Borel subgroup corresponding to the set — $ + = $~ (respectively, 
$ + ) of negative (respectively, positive) roots. The category of locally finite U(g)-modules is naturally 
isomorphic to the category of rational G-modules. 

The set X + of dominant weights for the root system $ indexes the irreducible modules for U^. 
Given A <E X+, let L^(X) be the irreducible [/^-module of high weight A. On the other hand, let L(X) 
be the irreducible rational G-module of high weight A € X + . We may also identify L(X) with the 
finite dimensional irreducible U(g)-module of high weight A. (Both L^(X) and L(X) are determined 
up to isomorphism.) For A € X + , we have 

Fr(L(A)) = L(A) [1] = L C (£X). 

The integral group algebra 'LX has basis denoted e(/x), (i £ X. Given a finite dimensional Uq- 
module M, 

chM = dim m m e (M) G ZX 
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denotes its (formal) character, where M M is the /i-weight space for the action of U° on M. Sometimes 
for emphasis, we write ch^M for chM. 

Similarly, if M is a finite dimensional rational G-module (respectively, U(g)-module), let chM <G 
7jX be its formal character with respect to the fixed maximal torus T (respectively, Cartan subalgebra 
h = Lic(T)). 

2.4. Root vectors and PBW-basis 

The "root vector" generators E a , F a for the quantum enveloping algebra U g are only defined for 
simple roots a. In what follows, it will be necessary to work with root vectors defined for general (i.e., 
not simple) roots. In this direction, for each a £ II, Lusztig has defined an algebra automorphism 
T a : l] q — > Uq. Here we will follow |Jan21 Ch. 8], where the reader can find more details. If s = s a £ W 
is the simple reflection defined by a, we often write T s := T a . Given any w £ W , let w = sp 1 sp 2 • • • sp n 
be a reduced expression (so the <E II). Then define T w := Tp ± ■ ■ ■ Tp n £ Aut(U 9 ). The automorphism 
T w is independent of the reduced expression of w. In other words, the automorphisms T a extend to 
an action of the braid group of W on U q . 

Now let J C II and fix a reduced expression wo — sp 1 ■ ■ ■ s/3 N that begins with a reduced expression 
for the element Wo,j as in Section liOl If Wo,j = sp 1 ■ ■ ■ 8p M , then of course 8p M+1 ■ ■ ■ sp N is a reduced 
expression for wj = wq^jWq. There exists a linear ordering 71 -< 72 -< • • • -< jn of the positive roots, 
where ji = sp ± ■■■ s / 3 i _ 1 (Pi). For 7 = 7^ $+, the "root vector" E 1 £ U+ is defined by 

E 1 = E~ H := T S)8i ... S(J ._ i (Ep t ) = ■ ••Tp i _ 1 {Ep i ). 

If 7 is simple, the "new" E^ agrees with the original generator EL. More generally, E 7 has weight 7. 
Similarly, 

a root vector of weight —7. 

The subalgebra U+ (respectively, U~ ) has a PB W-like basis consisting of all monomials E^ ■ ■ ■ 
(respectively, F^ 1 • • • ), ax, • • • , a n £ N. Using divided powers when necessary, one obtains PBW- 
bases for the specialized quantum groups U^~, , u^, u7 , ', and . The automorphisms T w 
induce automorphisms on and hence on Uq. 

The monomial bases satisfy a key "commutativity" property originally observed by Levendorskii 
and Soibelman. Here E° = 1 and = 1. 

Lemma 2.4.1. (jDPj Thm. 9.3], |LS| ) Let A' be a subring of Q(q) containing A. Suppose that 
q 2 — q~ 2 is invertible in A' when $ is of type B n , C n , or F4 and additionally q 3 — q~ 3 is invertible in 
A' when $ is of type G2. In U 9 , we have for i < j 

(a) E li E li — q <li,li ^ E~ ii E li J r(^f) where (*) is an A' -linear combination of monomials E^ ■ ■ ■ E®* 
with a s — unless i < s < j ; 

(b) F^Fryj — q^ 1 ^ 1 ^ F 1:j F 7i + (^) where (*) is an A' -linear combination of monomials E" 1 • • • 
with a s = unless i < s < j . 

The requirements on A' (i.e., that q 2 — q~ 2 is invertible in types B, C, F , etc.) are not explicitly 
stated in [DP] , though they are implicit in the arguments in its appendix (see pp. 135-137 in [DP]; 
and also [Drll §3.2]). We thank Chris Drupieski for pointing this out to us. 

2.5. Levi and parabolic subalgebras 

Given a subset J C n, consider the Levi and parabolic Lie subalgebras lj and pj = lj uj of 
0. We denote the respective universal enveloping algebras by U(Ij) and U(pj). One can naturally 
define corresponding quantum enveloping algebras U q ([j) and V q (pj). As (Hopf) subalgebras of U q , 
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U g ([j) is the subalgebra generated by the elements {E a ,F a : a 6 J} U {K^ 1 ■ a € II}, and V q (pj) 
is the subalgebra generated by {E a : a £ J} U A"^ 1 : a € II}. For example, if J = 0, then 
[,/ = f), pj = b, Uq([j) = U°, and U g (pj) = U g (b) = U~ • U°. Specializing gives the subalgebras 
U c (h),U c (pj),u c (lj),u c (pj) otU c , andW c ([j) andW c (p, 7 ) ofW c . 

If we denote by pj = lj ® uj" the opposite parabolic subalgebra (containing the positive Borcl 
subalgebra b + ), then one can analogously consider V q (pj). 



2.6. The subalgebra U q (uj) 

The purpose of this section is to define a subalgebra U g (uj) of V q . It will play a role analogous to 
that played by the subalgebra U(uj) of the universal enveloping algebra U(pj) corresponding to the 
nilpotent radical of pj. As above, choose a reduced expression for wq (beginning with one for u>o,j). 
Define V q (uj) to be the subspace of U" spanned by the F^Zl • • ■ , °» € N. By Lemma l2l~Tl 
U q (uj) is a subalgebra of U~. In addition, the monomials above form a basis for U g (uj). One can 
also verify directly that U g (uj) is independent of the choice of reduced expression for wo- However, 
this follows from a more general set-up which will be useful for other purposes as well. 

Given any v € W, we define as in |Jan2[ 8.24] a subspace U~[v] C U~ (respectively, U + [v] C U+) 
as follows. Choose a reduced expression v = s r)1 s Tj2 ■ ■ ■ s Vt . For 1 < i < t, set fa — T Stl a ... a (F, h ) 
(respectively, e; = T a a . Sri . (E Vi )). The fi (respectively, e^) are in some sense "root vectors" like 
those defined earlier. Then U~ [v] (respectively, U + [v] ) is defined to be the span of all monomials of the 
form /f 1 /* ' ' ' ft* (respectively, efef • • • ef ) for a { > 0. By [DKPl 2.2], U~[v] (respectively, U+[v]) 
is a subalgebra of U~ (resp., U+) and moreover is independent of the choice of reduced expression for 
v. 

Since U g (uj) = T Woj (U~[wj}), U g (uj) is a subalgebra of U 9 (pj) c V q , independent of the reduced 
expression for wj. Furthermore, since the automorphism T Wg , is also independent of the choice of 
reduced expression for wo,j, the algebra U g (uj) depends only on J, not on our above choices of 
reduced expressions. Following the procedure in Section [2~2l the algebra V q (uj) can be specialized to 
give algebras C/^(uj), it^(uj), and Z^(uj). For example, Uq(uj) is the subalgebra of spanned by 

Similarly one can define a subalgebra U q (uj) C U q (pj), and the corresponding specializations. 
Then U 9 (u+) = T Wo ] {U+[wj]). When J — 0, V q (uj) = U~ and U 9 (u+) = U+ 



2.7. Adjoint action 

Given a Hopf algebra A, the adjoint action of A is defined by setting, for x,y € A, Ad(x)(y) = 
^2 x^yS{x(2)) where A(x) = ^2 £(i) €52:(2) is the comultiplication and S is the antipode. We consider, 
in particular, the case A = V q , where we record the formulas here on generators: (for m € U 9 ) 



(2.7.1) 



Ad(E Q )(m) 
Ad(A± 1 )(m) 
[Ad(F Q )(m) 



= E a m — K a mK a 1 E a 
= (F a m — mF a )K a . 



These expressions follow immediately from the formulas (12.2.11) . 

By twisting the Hopf structure on V q by the algebra involution oj of U q given by uj(E a ) — F a , 
oj(F a ) = E a , and uj(K a ) = K~ , we obtain another Hopf structure on U g , with comultiplication 
"A := (w^^oAow and antipode "S^woSow; see |Jan2| 3.8]. In particular, this procedure then 
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gives an alternate adjoint action Ad, which satisfies: 

(Ad(E a )(m) = {E a m - mE^R- 1 

(2.7.2) ^ Ad(#±l)(m) =K± 1 mKTi 

{ Ad(F a )(m) = F a Tn - K~ 1 mK a F a . 

Proposition 2.7.1. T/ie following stability results hold: 

(a) TTie subalgebra U g (Uj) is stable under the Ad action o/U 9 (pj) on itself. 

(b) TTie subalgebra U 9 (uj) is stable under the Ad action of\J q (pj) on itself. 

Proof. Part (b) follows from part (a) since, for x £ U g (pj), Ad(x) = uj o Ad(uj(x)) o uj. 

We prove part (a). Since U 9 (pj ) is generated as an algebra by {E a ,K a , K~ x : a £ 11} U {F a : a £ 
J}, it suffices to show that V q (uj) is stable under the action of these elements. By (|2.7.1j) . Ad(K a ) 
and Ad(_ft' Q r 1 ) simply act by scalar multiplication on the weight spaces which span V q (u^). Hence 
Uq(uj) is stable under Ad(7^„ 1 ). For a e the stability under Ad(£' a ) follows from the fact 

that U 9 (uj) is an algebra. It remains to prove stability under Ad(F a ) and Ad(-E a ) for a £ J. Fix 
a £ J and set j3 — —wo. j(a) £ J. 

By Section [2~6l V q (uj) — T Wo ,{U + [wj\). Given a reduced expression wj = s Vl s ri2 ■ ■ ■ s Vt , U + [wj] 
is spanned by monomials of ordered root vectors: 

Era ! T Sm (£'172)1 ■ ■ ■ j T Sjli ...s Vt l (Eri t ). 

Since wj — w jw , Wj {(3) £ PL Consider also U + [wjs w -i^]. Since wjs w -i^ = spwj, by (|2.1.1|) . 
^i w J s w j 1 (p)) = ^i w j) + 1- Therefore, the ordered root vectors defining U + [wjs w -i^] are 

Er ll ,T Svi (E V2 ), . . . ,T Si)i ... Sj)t i (E r)t ),T WJ (E w -i^). 

By [Jan2J Prop. 8.20] T WJ {E w -x {p) ) = E Wj{w -x {f})) = Ep. Now U+[wj] is a subalgebra of U + [wjs w -i {/3) \ 
spanned by monomials not involving the last root vector Ep. Moreover, by Lemma 12.4.11 since Ep 
appears last in the ordering of root vectors in U + [wjs w -i^}, 

(2.7.3) if u G U + [wj] C U + [wjs w -i [p) ] is a monomial, then uEp - q {wt(u) ^ Epu £ U + [wj], 

where wt(u) denotes the weight of u. 

Now consider the subalgebra U + [spwj]. The ordered root vectors defining U + [spwj] are 

Ef3,T S p(E m ),T sp (T Srii (E V2 )), . . . ,T Sfl (T Srii ... Sjit _ i (E Vt )). 

Then T Sfj (U + [wj]) is evidently a subalgebra of U + [spwj] spanned by monomials in all but the first 
root vector Ep. Moreover, by Lemma T2.4.11 since Ep occurs first in the root ordering, 

(2.7.4) if u £ U + [wj] is a monomial, then EpT Sfi (u) - q {wtiTs e (u)) > p) T Sfi (u)Ep £ T Sfs {U + [wj]). 
We now show that Ad(F a ) preserves U g (uj"). Since a, f3 € II, by }Jan2| Prop. 8.20], 

F a = T WoJS p(Fp), 

while pan2l 8.14(3)] gives that 

Fp = -T Sp (Ep)K^ = -T S0 (EpKp). 
Combining these equalities gives 

F a = T WQ>JS0 {-T 8p {EpKp)) = -T Wo j(EpKp). 
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Let T Wq j(u) for u € U + [wj] be an arbitrary monomial element of U 9 (Uj). Then we have 

Ad(F a )(T Wo J (u)) = {F a T WQ J («) - T Wo>J (u)F Q )tf Q by (12~?TD 

= (-^lo ./ { E pKp)T Wo j ( u ) + T w ., {u)T WQ , {EpKp))K a from above 
= T W0:J {{uE K - EpKpu)^ 1 ) QIH21 8.18(3)] 

= T WOt j (uE/3 - EpKpuKp 1 ) 
= T Wo ,(uEp-qW>'(>>Epu) 

€ T W0 JU+[wj}) = U„(u+) by (J2Z3D 

as claimed. 

Lastly, we consider E a . Again a,f3 € II, so E a — T Wo JSf} {Ep). Let T W0 J {u) for it 6 be 
an arbitrary monomial element of U g (Uj). Then we have 

Ad(E«)(T WOiJ (u)) =E a T WO:J (u)-K a T WOtJ (u)K- 1 E a bv lETTl 

= ^0 7S/3 (Ep)T WQ , (u) - K a T Wo , ~ 1 T lUo JS(3 (£7/3 ) from above 
= T Wo jS/3 (E P T S ^ (u) - K T S? {u)K^E ) 8.18(3)] 

e ^ 0>JS ,(T s ,(t/+K])) = r WOiJ (c/+M) = u g (u+) by (EZl 

as claimed. □ 

The definitions of Ad and Ad now give the following. 

Corollary 2.7.2. The algebra U 9 (uj) is normal in V q (pj) and the algebra U q (u~j) is normal in 
Ug(pj). Furthermore, normality also holds for the specializations Uq(u.j) C Uq (pj), Uq (uj) C uq(Pj), 
and Uq(uj) C Uq(Pj) (as well as for the + -versions). Also, Uq(Ij) = Uq(Pj)/ /Uq(uj), uq(Ij) = 
u c (pj)//u ( (uj), andU c (lj) =U c (pj)//U ( (u.j). 

Recall the inclusion of „4-forms U^ C U;^ mentioned in §2.2. While it is generally false that U^ 
is stable under the adjoint action of on itself, this property does hold after base-change from A 
to a larger algebra B. More precisely, given I satisfying Assumption I1.2.XI let fi(x) e Q[x] denote the 
minimal polynomial for a primitive Zth root of unity. Set B := Z[q, 9 _1 ] (</,(<?))) j i.e. , the local ring 
determined by the maximal ideal (/;(?))■ Defining = B <E>^ and U® — B ®a Mf, there is an 
inclusion U® C U® . 

Lemma 2.7.3. [ABGl Prop. 2.9.2(i)] The adjoint action ofU® stabilizes U® . That is, 

Ad(U? C Uf and Ad(Uf)(<) C Z/f . 

Hence, the adjoint action ( either Ad or Ad ) of Uq defines an action on Uq . 

Let Z C Uq be the central subalgebra such that Uq/ /Z = uq (cf. Section 12.21) . In terms of root 
vectors, Z is the algebra generated by the elements {E l , F* : 7 6 $+}. Given JCII, dchne a central 
subalgebra Zj c Uq(uj) as 

Zj :=ZnW ( (uj). 

Clearly is the subalgebra generated by {i^ : 7 € Further, Uq(u.j)/ /Zj = uq(uj), leading 

to the following generalization of |ABG[ Prop. 2.9.2]. 

Corollary 2.7.4. Under the induced Ad-action of Uq on Uq we have the following: 

(a) AA(Uq(Pj)) stabilizes Uq(uj), Zj, and uq(uj). 

(b) The action of uq{Pj) on Zj is trivial. 

(c) Ad induces an action o/U(pj) on Zj. 



2.8. FINITE DIMENSIONALITY OF COHOMOLOGY GROUPS 
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We conclude this section with some remarks on the action of a Hopf algebra H on an augmented 
algebra A. More precisely, A is defined to be a left (respectively, right) ff-module algebra provided 
that A is a left (respectively, right) fi-module such that: 

(i) h- (ab) = XXfyi) ' a )(^(2) 'b) (respectively, (ab) -h = Y( a ■ hnj)(b ■ h( 2 ))) f° r a,b £ A,h ^ H, 
putting A(h) = Y, h(i) ® hpy, 

(ii) h ■ 1a = e(h)lA (respectively, 1a • h = e(/i)l^) for h € H; 

(iii) eA(h ■ a) = e(ti)€A(a) (respectively, e^(a • h) — e^(a)e(/i)), for a € A, h 6 H, where ca is the 
augmentation map on A. 

The notion of a left ff-module algebra for a not necessarily augmented algebra A is studied further 
in [Monl 4.1.1, 4.1.9]. 

For example, H is a right fi-module algebra defined by 

a ■ h = Ad r (h)(a) = S(/i(i))a/i(2), a, ft € ff. 

Thus, Ad r (hh') = Ad r (ft') Ad r (/i), h, h' G ff . In the context of U g , we have 

(Ad r (E a ) = ~M{K- l E a ) 
(2.7.5) I Ad r {Kt l ) = M{K^) 

{Ad r {F a ) =-AA(F a K a ). 

With these relations, there are evident analogues of the above lemma and its corollary. In particular, 
the augmented algebra U q is a left (respectively, right) module algebra for using Ad or Ad (respec- 
tively, Ad r ). Under the right action of on U^, Corollary 12.7.41 holds replacing Ad throughout by 
Ad r . 

Now let A be a right ff-module algebra, and let V be a left ^-module. A left action v i— > h ■ v of 
ff on V is called compatible with that of A provided that V is a left ff-module with this action and 
a(h -v) —J2 fyi) ' ( a ' h(2) )n for a e A, ?) £ 7, /i £ if. If A is a left ff- module algebra and V is a left if- 
module, the action is compatible provided the last condition is replaced by h-(av) — XXfyi) ' a )(^(2) ■*>)• 

2.8. Finite dimensionality of cohomology groups 

For any field k, given augmented k- algebras A C B with A normal in B (cf. Sections 11.11 and [2 . 7[) . 
there exists a Lyndon-Hochschild-Serre (LHS) spectral sequence (cf. |GK1 §5.2, 5.3]). More precisely, 
we have the following result Q 

Lemma 2.8.1. Assume that B is flat as a right A-module. For any left B -module M, there is 
a natural action of the quotient algebra B//A on H*(^4,M) which gives rise to a (first quadrant) 
spectral sequence 

E l 2 ' j = H l (B/ /A, H j '(j4, M)) => R i+j (B,M). 

In this result, the action of B//A arises from the identification H'(A,M) = ~Extg(B/ /A, M). 
Then the right multiplication action of B//A on itself induces a left .B//A- module structure on 
Fjxt' B (B / /A, M). In some cases, the action of Bj /A also comes about through an action of Bj j A on 
the reduced bar resolution D, = D,(A) of k. More precisely, suppose that if is a Hopf algebra acting 
on the augmented algebra A on the right as explained above. Then ff acts on the right on D,. Here 
D n = A (g) fc Af 1 ; explicitly, 

a® [ai| • • • \a n ] ■h = 'Y]a- fyi)[ai • h (2 ) \ ■ • ■ \a n ■ /i( n +i)]- 

This action commutes with the differentials d, : D n —> -D n _i. Now suppose that M is a left A- module 
with a compatible left action of ff . The left action of ff on M and the right action of H on B, define 



1 Recall that H'(A, Af) := Ext^(fc, Af). 
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a left iJ-action on the complex Horru (D, , M) computing H'(A,M). The iJ-action on H'(A,M) 
can be interpreted in the context of Lemma 12.8. 1[ by putting B — H#A, the smash product of H 
and A. (See [Monj .) Then B is a flat right A-module, M inherits a natural i?-module structure and 
B 1 1 A = H . It is easy to verify that the two actions of H on H*(A, M) identify!^ 

We return to the situation of the previous section. Under the Ad-action of Uq{Pj) on itself, U^(pj) 
admits the structure of a Hopf module algebra. The action of U^(pj) on U^(pj) can be extended to an 
action on the bar resolution which computes the cohomology H m (U^(pj), C). Thus, there is a natural 
action of U^(pj) on H*(Z^(pj), C) and further on H*(^(uj),C). In particular, U° acts on these 
cohomology spaces. 

Lemma 2.8.2. For each nonnegative integer n, the cohomology space H n (U^(uj), C) is a finite di- 
mensional vector space. 

PROOF. If Zj is the central subalgebra of U^(ilj) defined after Lemma T2.7.31 U^(uj)//Zj = 
m^(uj). Certainly, U^{uj) is flat (even free) over Zj. By Lemma [2.8.11 there is a spectral sequence 

4' j = R l (u c (u;),W(Zj,C)) => K i+ i(U c (uj),C)- 

The subalgebra Zj is central so it follows from IGK( Lemma 5.2.2] that the action of u^(uj) on 
H'(Zj,C) is trivial, and 

E%" =H , (u c (uj),C)«)H , (Z 7 ,C). 

Since Zj is the symmetric algebra based on the vector space Uj', we get that H*(Zj,C) = A'(Uj)W. 
Moreover, u^(uj) is finite dimensional, so H l (u^(uj), C) is finite dimensional for any integer i. The 
result follows because the cohomology H"(^(uj),C) is a subquotient of (Bi+j^E 1 ^ 1 which is finite 
dimensional. □ 

Also, the cohomology of U^(u,j) can be computed by means of the reduced bar resolution (cf. 
[Maci Ch. X, §2]). Although it is not clear from this point of view that the cohomology is finite 
dimensional in any homological degree, it does have a natural [/,5-action induced from the Ad-action 
on U((pj). But then the above lemma establishes it is finite dimensional, and this fact implies each 
cohomology space is a weight module for [/<?. We summarize this result as follows. 

Corollary 2.8.3. The cohomology H*(^(u,/),C) is a weight module for U®. For any A G X, 
H m (U^(uj),C)\ is finite dimensional. 

Proof. It remains only to establish the last statement. But if D, = D,{Uq(uj)) is the reduced 
bar-resolution, then, given any weight fi, for large n, (D n )^ =0. □ 

2.9. Spectral sequences and the Euler characteristic 

We study the cohomology of Uq{u.j) and u^(uj), using a filtration on Uq{u,j) (respectively, uq(uj)) 
introduced for in |DK| . 

Let A = U^(\ij). By Section l2"i)I A has a basis of monomial elements 

r ipa,M+l pom+2 . . . pa N . _ . c Ml 

where N = |$+| and M = |$+|. For a := (a M +i,-- - ,a N ) € N N ~ M , set 

J7— ■— ZP a M + l p«M + 2 . . . 
a " 7A/ + 1 7M + 2 ' 7N ' 



We are grateful for discussions on these issues with Chris Drupieski, who pointed out that our original set-up with 
H acting on the left of A was not correct. 



2.9. SPECTRAL SEQUENCES AND THE EULER CHARACTERISTIC 
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Place a total (lexicographical) ordering -< on f$ N ~ M as follows. Put a -< b if and only if there exists 
M + 1 < i < N such that a, < bi and aj = 6j for all j > i. With this ordering, one can define an 
pjN-^-fTltration on A. Given a € N w - M ; let Aq be the subalgebra of A generated by 

{*F :b d 3}. 

By Lemma T2.4.H this is a multiplicative filtration on A. That is, Aa ■ A^ C 

Moreover, by Lemma [2.4.11 again, the associated graded algebra gr A is generated by {X a : a e 
subject to the relations: 

X a ■ Xp = C^X -X a if a ~< /3. 

This filtration induces a filtration on uq(uj) such that the algebra grw^(uj) is also generated by 
{X a : a € $ + \$^"} subject to the above relations, in addition to the condition: 

X l a = for a e <!> + \<$>j- 

Let A" j be the graded algebra with generators {x a : a G 3> + \$j} where deg(a; Q ) = 1 subject to 
the following relations: 

x a ■ xp + £~( a 'P'x0 ■ x a = if a -< P; 
x 2 a = for a e • 

There exists a graded (by degree) algebra isomorphism H*(gr^(uj), C) = A* j (cf. |GK1 Prop. 2.1]). 
This is also an isomorphism of ^-modules, where A* j is regarded as a t/^-module by assigning x a 
weight a. 

Proposition 2.9.1. (a) In the character group TLX, we have 

oo oo 

^(-l)"chH"(W c (u J ),C) = ^(-l)"chA^ J . 

n=0 n=0 

(b) If A € X is a weight of U® in H n (U^(uj), C), then X is a weight of U® in A^ j. 

PROOF. Let A = U^(uj). By Corollary 2.8.3 and the discussion above, both H*(A, C) and 
H*(gr A, C) have weight space decompositions with finite dimensional weight spaces. Let A + and 
gr A + denote the augmentation ideals of A and gr A, respectively. Let C'(A) and C*(gr A) be 
the complexes obtained by taking duals of the respective reduced bar resolutions. More precisely, 
C n (A) = Hom c ((A + )®™,C) and C"(gr A) = Hom c ((gr A+)® n ,C). Note that A+ and gr A+ are 
isomorphic as [/^-modules. The same holds for C n (A) and C"(gr A) and the differentials of both 
complexes are J7°-module maps. Thus, for a weight A, H*(A,C)\ and H*(gr A,C)\ identify with the 
cohomologies of the complexes C*{A)\ and C*(gr A) \, respectively. 

By the Euler-Poincare principle (cf. |GW1 Lemma 7.3.11]), 

oo 

X(H*(AC) A ) := ^(-l)"dim H"(A,C) A 

71=0 
OO 

= ^(-l)"dim C n (A) x 

oo 

= ^(-l)"dimC7"(gr A)\ 

oo 
n=0 

=:x(H'(gr A,C)x). 
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Part (a) follows from the coliomology calculation for gr A noted above. 

Let A, be the increasing filtration on A indexed by A := f$ N ~ M j viewed as a poset using the 
lexicographic ordering -< above. It induces a (downward) filtration on the complex C*{A)\ as follows. 
For 7, 77 e A, set A +1 — A 1 n A + , and define 

W^] = S ETid , ^+ 7l ® ^ +72 ® • •• ® ^ +7 „- 
Then C Bfe v] , so setting, for A G X(T), 

(c n (A) x ^ n] = Eoac(A* n /B£ <v] ,C)x, 
\C n (A) x ^ v] = Uom c (Af n /B^ v] ,C) x , 

it follows that 

C n (A) HM QC n {A) XA<v] . 

Moreover, if 77, C G A with £ -< 77, then C n (A) A)H ,] C (7 n (A) AjHa . 

The grading on gr A leads in a natural way to a grading of the complex C*(gr ^4) A . For 77 G A, 
C*(gr A) A r^i denotes the graded component corresponding to 77, and we can identify 

C'(A) x>[Av] /C%A) x>m 

with C"(gr A) A>M . Also, 

C-(gr A) x = ($C'(A) x ^ ri] /C-(A) XA ^ ] . 

r/GA 

For a fixed weight A, C n (gr A) x 7^ for finitely many n, and C*(A) A r^ I) ]/C , *(A) A [^ j; ] 7^ for 
finitely many 77. Let A = {77 G A : r^i/C A [-^i 0> f° r some 77,}. Then A is a finite totally ordered 
set in f$ N ~ AI which induces a filtration (which can be indexed by N) on C*(gr ^4) A . Therefore, we 
have a spectral sequence 

Etf = (H i+i (grA,C) A ) w =s> H i+i (A,C) A . 
This shows that H™(W(-(uj), C) A is a subquotient of (A™ j) x , and part (b) follows. 

□ 

2.10. Induction functors 

Let C (respectively, C-) be the category of type 1, integrable representations of (respec- 
tively, U^(b)). The restriction functor res : C — > C- has a right adjoint induction functor H°(— ) = 
B°(U c /U c {b), -):C^ -> C defined by 

H°(M) = (M®fc[[/ C ])^( b ) - J-(Ho mt/<([l) ([/ c ,Af)). 

In this expression k[U^] denotes the coordinate algebra of U^. Also, the functor F(— ) assigns to any 
C/ c -module the largest type I, integrable submodule. We refer to jAPWl (2.8), (2.10)] and RH, (2.9)] 
for further discussion and explanation of notation. 

Any dominant weight A G X + can be viewed as a one-dimensional J7^(b)-module, and so provides 
an induced module 

V C (A) :=B°(U ( /U c (b),X). 
This module has an irreducible socle isomorphic to L^(A). In addition, there is an equality 

chV c (A) = chL(A) = {-^f x) <w ■ A)/ {^Y (x) e(x • 0) 
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of formal characters, in which the expression on the right is just the Weyl character formula. (Recall 
that L(X) denotes the irreducible representation for the complex group G (or its Lie algebra q) of high 
weight A.) 

We will also use the induction functors U°(U^/U^(pj),—) (respectively, H°(J7 f (pj)/U^(b), -)) 
from the category of type 1, integrable ^(pj)-modulcs (respectively, (fa)-modules) to type 1, intc- 
grable [/^-modules (respectively, [/^(pj)-modules). Note that if A is a one-dimensional C/^(b)-module 
then H (f7 c (pj)/Z7 c (b),A) is trivial as a J7^(uj)-module. 

Let (Xj) + C X be the set of J-dominant weights, i.e., Ael belongs to (Xj) + if and only if 
(A,a v ) e N for all a e J. The set {Xj) + indexes the irreducible (type 1, integrable) [/^(Ij)-modules. 
FovXe{Xj)+, 

V JlC (A) :=B°(UdPj)/U c (b),\) 
has irreducible socle isomorphic to Lj^ (A), the irreducible J7^([j)-module of high weight A. 

If A e {Xj) + satisfies (A + p, a v ) = £ — 1 for all a e J, we call A a J-Stcinbcrg weight. Then 
Vj,c(A) is a projective (and injective) irreducible J7^([j)-module (in the category of type 1, integrable 
modules). It remains irreducible, projective, and injective upon restriction to ((./). 

Finally, it will usually be more convenient to write ind[Mj^(— ) in place of H° (U^(pj)/U,;(b), — ). 



CHAPTER 3 



Computation of <£>o and A/"($o) 

Throughout this chapter, $ is an irreducible root system in an Euclidean space E with weight 
lattice X. We will be concerned with certain special closed subroot systems $a.( of $ which are defined 
by an integer I > 1 and a weight Agl. These are introduced in Section 3.1. After classifying these 
subroot systems in Sections 3.2 and 3.3 (see also Appendix I A. 1 1 for the exceptional cases), Section 3.5 
takes up some related issues involving the normality of orbit closures. Finally, Section 3.6 uses these 
results to identify the coordinate algebras of these orbit closures as certain induced G-modules. All 
these results will play an important role later in this paper; see Chapter 4, for example. 

3.1. Subroot systems defined by weights 

A prime p is called bad for the root system $ provided that there exists a closed subsystem $' of 
<J> such that Q/Q' has p-torsion, where Q — <3($) and Q' = Q($') are the root lattices of $ and 
respectively. If p is not bad, then p is called a good prime for $. Equivalently, p is good if and only if 
p does not appear as the coefficient of a simple root in the decomposition of the maximal root in $ as 
an integral linear combination of simple roots; see [SSI I, §4]. The good primes for the various types of 
irreducible root systems are thus easily determined. Therefore, making use of the explicit expressions 
for the maximal root in i> displayed in |Bo| Plates I-IX], the good primes are given as follows: 

• $ of type A n , all p; 

• $ of type B n , C n , D n , p > 3; 

• $ of type E 6 , E 7 , F±, G 2 , p > 5; 

• $ of type Eg, p>7. 

Now let Z > 1 be an integer (not necessarily prime). We will say that I is good for $ provided that I 
is not divisible by a bad prime for Otherwise, I is bad for 

Additionally, a good integer / is said to be very good for $ provided that if $ has type A n , then I 
and n + 1 are relatively prime. In cases of non-irreducible root systems (which may arise in the case 
of the root system of a Levi factor of a parabolic subgroup) , the integer I is good (respectively, very 
good) provided that it is good (respectively, very good) for every irreducible component of $. 

The significance of good integers I comes about because of certain closed subsystems $a,z con- 
structed from weights \ E X. Precisely, put 

$A,i := {a e $ | (A + p, a) = mod/}. 

Recall that, by our conventions, for p £ X and a£$, (p,ct) E 1. In practice, when I is clear from 
context, we will just denote the subset simply by Obviously, $a (when it is not the empty 
set) is a closed subroot system of 

When working with a quantum enveloping algebra Uq, where £ = -\fl, our assumptions on / (i.e., 
I is odd in types B n ,C n and F4, and, in type G2, I is not divisible by 3) mean that each integer 
d a = ^"o"^ is relatively prime to I. Since d a a y = a, it therefore follows that 

(3.1.1) $ A = {a e $| (A + p,a v ) = mod/}. 
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Thus, in the sequel, we can always take (|3.1.1j) as the definition of $a- We denote by $^ the 
intersection of $a with $ + . It is useful to observe that, for any w € Wi, 

mJ($a) = <f> w -x. 

The following result, while quite elementary, is essential for our work in this paper. 

Lemma 3.1.1. Let I > 1 be an odd integer. Assume that I is good for For A £ X , there exists 
a set of simple roots II' for $ such that II' n$j is a set of simple roots for $a- In particular, there 
exists a w € W and a subset J C II such that w(&\) = $j. Furthermore, w may be chosen so that 
«,($+) = <&+ 

Proof. First, observe that 

In fact, if a root a belongs to the left-hand side, then ma £ for some integer m which is divisible 

only by bad primes. Then (A + p, ma) = modL But since (to, I) = 1, it follows that (A + p, a) = 
mod/, i.e., a G This means that the hypotheses of [Bo, IV. 1.7, Prop. 24] are satisfied, and this 
quoted result implies the conclusion of the lemma. The final claim follows from the fact that all simple 
systems in $j are conjugate under the action of the Weyl group. □ 

Consider the case of $o- For all I > h, it is immediately true that $o = £3, and so the conclusion 
of the lemma trivially holds. However, this is not the case in general. For example, suppose that $ 
has type F4 with I = 3. Letting e^, 1 < i < 4, be an orthonormal basis for R 4 , <!> can be realized 
explicitly as the following set of 48 vectors 

$ = {±ei}i< s ;< 4 U {±6i ± £j}i<i<j<4 U {^(±£i ± £2 ± £3 ± £4)}- 

We can think of 4> as the set of all a £ Qe^ such that 2a £ ©Ze^ and a has integral square length 
||a|| < 2. Also, II := {e 4 , i(ei — e 2 — £3 — £4)7 £2 — £3, £3 — £4,} forms a set of simple roots (cf. |Bol 
Appendix, Plate VIII]). Now take I = 3 and let A = 0. Since p — ^(ll£i + 5e 2 + 3e 2 4- £1), it is directly 
checked that $0 has 

{£1 - £2, £2 + £4} U {-£3, + £2 + £3 - £4)} 

as a set of simple roots. Thus, <l>o has type Ai x A2, and there is clearly no J C II for which <E>j has 
type A2 x A2. More generally, still for type F4, if 3 divides I, say I = 31', then the conclusion of the 
lemma fails for any A = {V — l)p. 

On the other hand, I = 9 satisfies Assumption 1.2.1, but 9 is not good for F4. Here $0 = 
{±i(fii + £2 + £3 — £4)} has type A\, so $0 does satisfy the conclusion of the lemma. We will see in 
Theorem 13.4.11 below that this fact holds generally as long as I satisfies Assumption 1.2.1. 

3.1.1. Richardson orbits. Let G be a complex, simple and simply connected algebraic group over 
C with root system $. For Jen, the (standard) parabolic subgroup Pj — Lj K Uj 2 B of G has 
a dense (open) orbit C'j in the Lie algebra uj of Uj under the adjoint action of Pj. In particular, 
if J = 0, then Lj = T, and Pj = B, the Borel subgroup corresponding to The corresponding 
Richardson orbit Cj is the G-orbit G ■ x for any x £ C'j. Therefore, when J = 0, Cj is the regular or 
principal nilpotent orbit. Also, it is straightforward to show that the (Zariski) orbit closure Cj equals 
G • uj. In addition, Cj has dimension 2dimu,/. 

If J,K are W^-conjugate subsets of n, the Johnston- Richardson theorem states that Cj = Ck- 
Hence, given A € X, if there exists w £ W and JC II with w(&\) — $j, then A defines in a unique 
way a Richardson class C\ in N by setting C\ = Cj. For A £ X with w($a) = &j as above, set 
Af(^x) := G ■ uj = Cj C M. 
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For more details on the above results, see [Huml| Chap. 5]. An important generalization of 
Richardson classes (namely, induced classes) will be discussed when it is needed in §3.5. 

3.2. The case of the classical Lie algebras 

In [CLNP1 §3.1-3.7], explicit determinations were given for all irreducible root systems $ of a 
J C II so that w($o) — &j when I — p is a good prime. The proofs there work equally well when I 
satisfies Assumption 1 1 . 2 . ll As noted before, we use the root notation and ordering of Bourbaki |Bo| . 
The results below will be useful in Chapter 4. 

The first theorem below treats the cases when <E> has type A or B, and the second theorem below 
summarizes the situation in types C and D. Since dim Af($>o) — 2 dim uj, we have dim Af($>o) — 
|$| — |$o|- Also, in types A — D, Assumption 11.2.11 means that I is good, so that Lemma 13.1.11 is 
applicable Q 

Theorem 3.2.1. Let I be as in Assumption 1 1 . 2J\ g be a classical simple Lie algebra with <I> of type 
A n (respectively, B n ), and h = n + 1 (respectively, In) be the Coxeter number of $. 

(a) Ifl>h then A/"($o) = and dim Af($ ) = |$| • 

(b) Suppose that I < h where h — 1 = Im + s with m > with and < s < I — 1. Then 
J\f(<&o) = G ■ uj where J C II such that when 

(i) $ is of type A r , 



Ml f 



$0 = §J = A m X • • • X A m X A m -\ X • • • X A m -V, 

" « ' » ' 

s + 1 times I — s _ 1 (i me s 

where dimA/'^o) — n(n + 1) — m{lm + 2s — I + 2). 
(ii) $ is o/ type B n , 

A m x • • • x A m x A m -i x • • • x A m _i xBm+i i/ s is even (m odd,), 



times 



times 



A m x • • • x yl m x A m ^i x ■ ■ • x A m -\ xBm if s is odd (m even). 



Also, 

dimA/X^o) = 



n 2 m(lm J r2s — £+3) + l -r ■ / jji 

2n i g — v s zs euerl ( TO odd), 



Theorem 3.2.2. Let I be as in A ssumption \1.27J[ q be a classical simple Lie algebra with $ of type 
C n (respectively, D n ), and h = 2n (respectively, 2n—2) be the Coxeter number o/$. 

(a) Ifl>h thenAf($ ) =M(a) and dim AT (<f> Q ) = |$|. 

(b) Suppose that I < h where h + 1 = lm + s withm > and < s < l—l. Then A/"($o) = G-xij 
where J C IT such that when 

(i) $ is of type C n , 



A m x ■ ■ • x A m x A m ^i x • • • x A m ^i xC m-i i/ s is even, 



A m x ■ ■ • x A m x ^4 m _i x ■ ■ • x A m _i x(7a i/ s is odd. 



4n the statement of the theorem, root system terms Aq, Bq, ■ ■ ■ should be ignored. 
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Also, 



In t — it s is even (m odd), 

2 m(l m+ 2 2 s-l-l) f . , , ; ; 
In s 2 V s ls odd (m even). 

(iv) $ is of type D n , 

A m x ■ ■ ■ x A m x A m -i x ■ ■ ■ x A m -i xD m+i i/ s is even and m > 3, 



$ = <i>j = < 



A m x • • • x j4 m x yl m _i x • • • x A m -i xDm+2 i/ s is odd, 

if s is even and m = 1. 



— 2~~ times ^ times 

X • • • X A m X A m —1 X • • • X A m —1 



l-s+l 



times 



{a 2 o m(lm+2s — (+1) — 1 - /• ■ / i ti 

2n — 2n * 5 — if s is even (m odd), 
In —In s 2 w s zs °"« ( m even). 

3.3. The case of the exceptional Lie algebras 

For the exceptional types G2, F4, Eg, E?, and Eg, the precise determination of the subroot system 
$0 and the variety Af(&o) can be carried out by hand. In most cases, the determination of this 
variety can be deduced from its dimension (dim 7V($o) = \®\ ~ l^ol) an d the fact that Af($o) is the 
closure of a Richardson orbit; see |CLNP1 §4.2]. When this information is not sufficient, the correct 
Richardson orbit can be pinned down by using the Weyl group as discussed in [CLNP1 §4.3]. In fact, 
for computational purposes in Chapter 01 for each value of I satisfying Assumption 11.2.11 we identify 
an explicit element w & W and a subset J C II such that w{^) = $j\ As observed before, the 
choices of w and J are not unique in general. The computer package MAGMA |BCl IBCPj was used 
to verify these facts. The tables providing the description of A/"($o), w, and J for various possible 
values of I are presented in the Appendix IA.1I 

3.4. Standardizing $0 

If I satisfies Assumption 1 1 . 2 . ll and if $ has classical type, then I is automatically good for $. Thus, 
in this case, the theorem below follows immediately from Lemma 13.1.11 However, in the exceptional 
types, we need to quote the computer results tabulated in Appendix IA.1I in case I is not good for $ 
(but still satisfies Assumption 1 1 . 2 . 1 [) . We essentially worked out the case of F4 after the statement of 
Lemma T3.1. 11 where I = 9 is the only value that needs to be considered. 

For future reference, we summarize this result as follows. 

Theorem 3.4.1. Let I be as in Assumvtion 1 1 . 27J\ Then there exists w £ W and a subset J C II such 
that w(^ d ) = 



3.5. Normality of orbit closures 

We consider certain nilpotent orbit closures for a complex simple Lie algebra = 0c having root 
system $, etc. Let G be a complex (connected) algebraic group of the same root type as 0. Since we 
are only interested in the adjoint action of G on its Lie algebra 0, we do not require G to be simply 
connected. In case $ has type B n (resp., C n , D„), we will take G = 502 n +i(C) (resp., 5p2n(C), 
S0 2n (C)). 



3.5. NORMALITY OF ORBIT CLOSURES 
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In the discussion below we will make use of the considerable work available in determining normal 
G-orbit closures in the nilpotent variety Af = Af(g). 

Fix an integer I satisfying Assumption 1 1 . 2 . fl and let $o = &o,i- We are especially interested when 
the variety A/"($o) is normal. In fact, we will verify that, in almost all cases, it is normal. 

3.5.1. The classical case. When $ has type A n , a famous result of Kraft-Procesi |KP1[ §0, The- 
orem] states all orbit closures in Af are normal varieties. In this case, nilpotent orbits in g — sl n +\(C) 
are naturally in one-to-one correspondence with the set V{n + 1) of partitions 77 = (771, 772, • • ■ , ?7n+i) 
of n + 1. Here 771 > 772 > ■ ■ ■ > f) n _ and 771 + • • ■ + 7/„ + i = 77 + 1. We also write 77 h n + 1 to 
mean that 77 £ V(n + 1). Also, if a part a is repeated b times, we often write a b in place of a, ■ ■ ■ ,a 

b 

in 77. Thus, if O n denotes the corresponding orbit, the elements x € O n are just those nilpotent 
(n + 1) x (n + l)-matrices which have Jordan blocks of sizes 77* X 77,, 1 < i < n. A parabolic subgroup 
Pj also determines a composition 77 = 77/ = (771, • • • ,77 n+ i) of n + 1 meaning that each 77^ > and 
t]i + ■ ■ ■ + r) n+1 =n+l. Thus, when displayed in the usual way as matrices, the Levi factor Lj of Pj 
corresponds to blocks of sizes 771 x 771, . . . ,77^+1 x rj n+ i down the diagonal. Two Levi factors Lj and 
Lk are conjugate in the group G — SL n+ i(C) if and only if the partitions defined by rearrangement 
of the two compositions 77,7 and 777^ are equal. We let rjj denote this partition. A well-known result 
of Kraft states that Af($j) is the closure in Af of the nilpotent class defined by the partition rj'j dual 
to rjj. In this way, the Richardson orbits in type A n described in Theorem 3.2.1 can be explicitly 
identified as certain O^, rj h n + 1. 

The set V(n) (as well as subsets considered below) is partially ordered by putting 7/ < a provided 
that, for each i, 771 + • • • + r/i < <ji + ■ ■ ■ + cr*. Then, given 77, a € V(n +1), O v C O a if and only if 
77 < a. For a nonempty subset T C V(n), a pair in T is a pair (77,(7) of distinct elements in T such 
that r\ < a. If there is no other element r 6 T which is strictly between 77 and a in the ordering <, 
the pair is called minimal. 

For the classical types B n and C„, the nilpotent classes are also in natural one-to-one correspon- 
dence with certain sets of partitions. Thus, for a positive integer N, let V\{N) be the set of partitions 
i] \- N in which each even part r\i is repeated an even number of times. Similarly, if N is even, let 
V—i(N) consist of those 77 h N in which each odd part 77^ is repeated an even number of times. When 
$ has type B n (resp., C„), the G-orbits on Af correspond naturally to the 77 e T'i(2n + 1) (resp., 
77 G V-i(2nj). In fact, given 77 e V e (N) (e = ±1), the corresponding orbit is O e<ri :— O n n g, i.e., it is 
the intersection of the nullcone Af of G with the corresponding SL2 n +i (C)-orbit (resp. , SL2 n (C)-orbit) 
indexed by 77. 

If $ has type D^m then the G-orbits in Af correspond to the elements in Vi(2n), except in the 
case in which all the parts of 77 are even (i.e., 77 is very even); in this case, 77 defines two orbits and 
O^ 1 (which combine under the action of the full orthogonal group 0(2n) on g). 

If 77 € V e (jn) for some positive integer m, call 77 an e-partition. Given a pair (77,(7) in V e (n), 
suppose that 77^ = o~i, 1 < i < r, and 77^ = a'j, 1 < j < s. In other words, the first r rows and 
first s columns in the Young diagrams associated to 77 and a are the same. Suppose that (771, •• • ,77,-) 
is an e-partition, and consider the pair (fj,a) in V(-i)s e (m) obtained by lettting rj — (r] r+ i, ■ ■ ■ ), 
er = ((7,5+1, ■ • ■ )> and 777 = rjr+i + • • • ?7 n . In this case, write (77, a) —> (rj,a), allowing the possibility 
that no rows or columns were removed, i.e., a = a and rj — rj. Then a pair (77, a) is called irreducible 
if (77, a) — > (77, <j) implies that (77, a) = (77, a). By means of this process, every irreducible pair (77, a) in 
V e (n) can be reduced to an irreducible minimal pair (77, a) in V e ' (m) . The irreducible minimal pairs 
(77, a) are classified in |KP2( 3.4]; there are precisely 8 distinct minimal irreducible pairs. Of course, a 
pair (77,(7) may be minimal irreducible in say Vi(2n), but not minimal irreducible when regarded as 
a pair in V-\(2n). 
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A main result, stated in }KP2| Thm. 16.2], establishes that, given a £ V e (n), the orbit closure 
O t ^ a is normal in a codimension 2 class O t>r) C if and only if the irreducible minimal pair 

(?7, ct) £ V t '{n!) obtained from (77,(7) (by the row and column removal process described above) is not 
the pair 

(3.5.1) (2m, 2m), (2m- 1,2m- 1,1,1) £ Pi (4m) x "Pi (4m). 

So n' — 4m in this case. We will use this result to study the normality of the Af($>o). 

Given 77 £ V(2n+ 1), there exists a unique 77 £ Vi(2n + 1) which is largest partition (with respect 
to <) among all a £ Pi(2n + 1) satisfying it < 77. It is denoted 775 and it is called the £?-collapse 
of 77. See [CM, Lemma 6.3.3] where its (simple) construction is indicated. Similarly, if 77 £ V\(2n) 
(resp., 77 £ P_i(2n)), there is a unique largest rjo (resp., 77c) in V\{2n) (resp., P_i(2n)) among those 
elements a £ V\(2n) (resp., a £ P_i(2n)) satisfying a < 77. 

The extension of Kraft's result described above to the other classical types requires the notion 
of an induced nilpotent class. Thus, let p = I © n be a parabolic subalgebra of g. For any nilpotent 
class 0\ in (, the parabolic subgroup P with Lie algebra p has a unique open (nilpotent) orbit 0[ in 
0\ + n, which in turn defines a nilpotent orbit, denoted ind^ 0\ since it can be proved that it does 
not depend on the choice of parabolic subalgebra p having Levi factor [. Furthermore, induction of 
nilpotent classes is transitive, i.e., for \\ C [ 2 C [ 3 , ind t 3 = ind^oind^ on nilpotent orbits in \\. In 
addition, if Oj is the Richardson class defined by J C II, then Oj = ind^ Co, where Co denotes the 
trivial class in lj. Since [lj, lj] is a direct sum of classical simple Lie algebras, Oq is defined by a 
single column partition (I s ) on each simple component. Therefore, using |CM| Thm. 7.3.3], Oj can 
be explicitly described as a nilpotent class O t%r] . 

Write N = m'l + s' where < s' < I - 1. Then 7V($ ) = O ax where a = (l m ' ,s') and a x is the 
X-collapse of a (X £ {B, C, D}). See [UGA1I for more details. Now we analyze each type. 

Case 1: $ has type B„. First, suppose that s' is odd. Then as = (l m ,s') = a. In this case, because 
I is odd, it is impossible to reduce a to a partition (2m, 2m) £ Pi (4m) (which occurs in (13.5. 110 by 
removing rows a\, ■ ■ ■ ,a r (which automatically form an e-partition) and an even number of columns 
• • • , <t' s ). Therefore, A/"($o) is normal in this case. 

Case 2: $ has type B n and s' is even. Then ob = cr if s' = and ub = (l m , s' — 1, 1) if s' > 0. Again, 
it is clearly impossible to reduce such a partition to one of the form (2m, 2m) by removing rows and 
an even number of columns. Therefore, A/^o) is normal in this case. 

Case 3: $ has type D n , thus 2n = m'l + s'. If s' is odd or 0, then ud = cr, and the situation is very 
similar to that in Case 1, and normality follows. If s' is a positive even integer, then <td = (l m , s'—l, 1), 
placing in the same situation as in Case 2. Thus, Af($) is normal in type D. 

Case 4: $ has type C n , 2n — m'l + s', and s' is even (thus m' is even). Then oc — cr = (l m , s') £ 
■p_i(2n). Now we must remove an odd number t of columns to get to some Pi (4m). Clearly, in order 
to obtain (2m, 2m), we must have s' < t < I. Thus, we can assume that s' + 1 < I. The possible r\ for 
which (77,(7) is minimal in P_i(2n) are 

'?7i = (K- 2 ,Z-l,Z-l,s' + 2); 
< 772 = (K, 1,1), s' = 2; 
_773 = (K,s'-2,2), s>2. 

But because s' < t, it is impossible to obtain (2m — 1, 2m —1,1,1) from any of these partitions while 
obtaining (2m, 2m) from a by removing rows and (an even number t > s') of columns. 
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Case 5: $ has type C n , 2n — m'l + s', and s' is odd (thus m' is odd). In this case, 

<j c = (l m '- 1 ,l,s' + l). 

If I — 1 > s' + 1, it is impossible to obtain a partition (2a, 2a), a > 0, from ac by removing rows (from 
top to bottom) and columns (from left to right). If I — 1 = s' + 1, then all the m' — 1 rows of length Z 
must be removed and then an odd number of columns must be removed. Since I — 1 = s' + 1 is even, 
it is again not possible to arrive at a partition (2a, 2a), a > 0. 

We conclude in all classical cases that A/"($o) is normal. 

3.5.2. Exceptional cases. In case J C II consists of mutually orthogonal short roots, an important 
result of Broer |Br2[ Thm. 4.1] can be applied, establishing that A/"(<frj) is a normal variety. In 
particular, this applies to the full nullcone N = Af(0) (a well-known result of Kostant) and the 
closure A/" 8U breg = N({±a}), a £ II (short), of the subregular class. Using the tables in Appendix 
IA.1I (where J is explicitly described), we can treat the various exceptional types below. Notice that 
Nsubreg is the closure of the unique nilpotent class of codimension 2 in N '. 

Type G2. The relevant 7V($o) are either the full nullcone Af (for I > 6) or J\f su b reg . As remarked 
above, these are normal. 

Type Fi. There are four possible orbits, having Carter-Bala labels £4(02), £4(02)1 F 4 (ai), and F4 and 
corresponding distinguished Dynkin diagrams labeled (0200), (0202), (2202), and (2222), respectively 
(using |CM[ p. 128]). By |Brl[ Thm. 1], the corresponding orbit closures are normal. 

Type Eq. There are four relevant orbits having Bala-Carter labels A4 + Ai, £^(03), Ee(ai), and Eq. 
The last three are Richardson classes, with Levi factor root systems A\ X A\ X j4i, A\, and 0. Thus, 
Broer's theorem |Br2( Thm. 4.1] applies to guarantee these have normal orbit closures. The final case 
A4 + Ai has normal orbit closure, by |Sol[ p. 296] . 

Type Ej. There are seven relevant orbits having Bala-Carter labels A4 + A2, A§, Ee(ai), E'j(a\), 
£7(02), £7(03), and E7. Again, |Br21 Thm. 4.1] implies the last five have normal orbit closures. Using 
techniques from [Sol] and [So2j , Sommers }So3j has informed us that he has verified the normality for 
the remaining two cases (unpublished). 

Type Eg,. There are nine relevant orbits having Bala-Carter labels Aq + A\, Egibe), Es(ae), Eg^a^), 
E 8 (a4), E s (a,3), E s (a,2), E s (ai), and E s . The last five have normal orbit closures, again by jBr2[ Thm. 
4.1]. Again, Sommers has informed us that he has verified normality for Es(ae) and Eg,(a^). The 
remaining two cases, A e + A\ (when / = 7) and E s (b 6 ) (when I = 9) remain open at present. 

3.5.3. Summary. We summarize the analysis in the following theorem. 

Theorem 3.5.1. Let I be as in Assumption \1.2.I\ and J C II so that A/'( < E , o) = G - Uj. If $ is of type 
Eg, assume that 1^7,9. Then Af(§o) is a normal variety. 

3.6. Resolution of singularities 

We maintain the notation of the previous section. Let J C II and Pj be the associated parabolic 
subgroup. From the Bruhat decomposition, it follows that the quotient map G A G/Pj has local 
sections in the sense that G/Pj has an open covering by affine spaces X = A dlmUj such that ir~ 1 X = 
X x Pj. Thus, the orbit space G x Pj uj := (G x uj)/Pj for the natural right action of Pj on Gxuj 
satisfies 

C[G x p -> uj] = (C[G\ ® S'{u*j)) Pj =: ind% S'{u*j). 
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Also, the natural projection G x Pj u,j — > G/Pj identifies G x Pj u.j with the cotangent bundle of the 
smooth variety G/Pj. For background and more discussion of the topics in this section, see |Jan3[ 
pp. 90-97]. 

In addition, there is the moment (or collapsing) map fi : G X Pj u,j — > G ■ Uj defined by mapping 
the P/-orbit [x, u] of (x,u) € G x Uj to x ■ u G G ■ uj. Then /i is a desingularization of G ■ uj, in the 
sense that it is a birational, proper morphism of varieties, if and only if the following condition holds: 

(3.6.1) for all x € C'j, C G {x) = C Pj {x). 

Recall that the condition x € C'j means just that Pj ■ x is dense in uj. It is well known that Cg{x)° = 
Cpj(x)°, i. e., that the two centralizers Cg{x) and Cpj(x) have the same connected components of 
the identity; see [Carl Cor. 5.2.2]. 

Lemma 3.6.1. (a) If fi is a desingularization, then 

C[G x Pj u, 7 ] S C[ir x Cj] S C[Cj], 

where, for a complex variety X , C[X] denotes the algebra of regular functions on X. (Recall that 
Cj := G ■ x for any x € C'j.) 

(b) If x is an even nilpotent element (in the sense of Bala-Carter, see |CM1 Ch. 8]), condition 
h3.6.1\) on centralizers holds. 

Proof, (a) holds by |Jan3[ Remark, p. 95], and (b) follows from |Jan31 Remark, p. 93]. □ 

In the theorem below, we show that (|3.6.1[) holds in all the situations of interest in this paper. 
If fi is a desingularization, and if, in addition, Oj — G ■ uj is a normal variety, then 

(3.6.2) md%S'(Uj) = C[G x p ' uj] = C[G ■ Uj]. 

This follows because Oj\Oj has codimension at least 2. 
Now we can state the following result. 

Theorem 3.6.2. Let I be as in Assumption \1.2.l\ and choose J C II so that A/"($o) = G ■ uj. 

(a) The moment map fi : G x Pj uj — > G ■ uj is a G-equivariant desingularization of G ■ Uj. 

(b) If $ is of type E%, assume that I ^ 7, 9. Then the identifications \3.6. 2\ ) hold. 

Proof. We first prove that the condition (13.6.11) holds, namely, that Cg{x) C Pj, where x € Uj. 
Then (a) holds by the discussion above Lemma f3. 6. II Consequently, Theorem 13 . 5.11 and the discussion 
right above establishes (b). 

The verification of (|3.6.ip will be case-by-case. 

Case 1: $ has type A n . Without loss of generality we can assume that G = GL n (k). The centralizer is 
connected so Cg(x) = Cg(x)°. Since x is Richardson we have by |Car[ Corollary 5.2.4] Cg(x)° C Pj. 

Case 2: $ has type B n . Let TV = 2n + 1 and, as before, write N = lm! + s' where < s' < I — 1 and 

ml > 0. Set rf = (l m , s') and recall that Af($o) — 0, lB where r/B is the B-collapse of rf. 
For type B n we have 

_ j (l m ' , s') if s' is odd or s' = 0, 

VB ~ | (l m> , s' - 1, 1) if s' is even and s' ^ 0. 

In either case each of the nonzero parts are odd so the associated weighted Dynkin diagram has even 
entries |CM1 §5.3]. Therefore, the orbit 0, lB is even, and the centralizer Cg{x) is contained in Pj by 
Lemma 13.6.11 

Case 3: $ has type D n . This case is similar to that in Case 2, and it is left to the reader. 
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Case 4: $ has type C n . Now let N — 2n and write N — lm' + s'. Then 

{(l m , s') if m' is even (s' even), 

(i TO ' _1 , / - 1, s' + 1) if m' is odd (s' odd). 

In the first case, when m' and s' are both even, let b be the number of distinct even nonzero parts. So 
6=1 and by |CM| p. 92] the component group A(C no ) = (Z/2Z) b_1 is trivial. Here the component 
group is defined as Cg>{x)/Cg'{x)° for any x € Cj, where G' is the adjoint group PSp2n- Thus, 
Cg(x) is generated by Cg{x)° and the center of G, which is contained in Pj. Thus, Cg{x) C Cpj{x) 
here also. 

Now suppose that m' and s' are odd. In this case, the component group -A(Cj) is isomorphic to 
Z/2Z, so a different line of reasoning is required. In [Hj Cor. 7.7], Hesselink provides a necessary and 
sufficient criterion for having Cq(x) C Pj for a; G C' 7 . Here 77^ satisfies condition (i) of [Hj Cor. 7.7] 
where e = 1 and ?7 C € Pai(2n, m' — 1) (see [HI §6.1] for the definitions/notation). 

Case 5: <& has exceptional type G2, F4, iSg, ^7, or E s . In these cases, we refer to Appendix lA.il where 
the classes Cj are all identified in the Bala-Carter notation. Using the tables given in |CM1 pp. 128- 
134], we see that all but two of the orbits are even orbits (so that Lemma r3.6.1l is applicable). In the 
two other cases, namely, type A4 + A1 in type Eq or type Aq + Ai in type Eg, the full component group 
Cg(x)/Cg(x)° is determined to be trivial there, where the component group is identified with the 
fundamental group ni(Cj) of the orbit. More directly, we can use the determination of this component 
group given in [CM] in all cases. 

The theorem is completely proved. □ 
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Combinatorics and the Steinberg Module 

In the computation of the cohomology algebra H*(u^(g),C) for I > h in [GKj . a key step is 
showing that the space of w^(f))-invariants on H*(£/f(u),C) is one dimensional (where f) C g is the 
Cartan subalgebra). This fact follows because the space of (h)-invariants on A* is one dimensional. 
This fact is far from being true for / < h. For small I, a more intricate analysis is needed, namely, we 
must consider the multiplicity of a certain "Steinberg module" in H*(^(uj),C). This computation 
will then be used in Chapters 5 and 6 in order to complete the desired cohomology computations. 

4.1. Steinberg weights 

If I satisfies Assumption ll.2.1[ by Theorem 13.4. 1[ we can choose w £ W and J C II such that 
w($o) = 3>j- Clearly, it can be additionally assumed that id($q ) = 3>j. In the classical cases, the 
particular choice of w and J C II will not generally matter for the arguments that follow. However, 
when <3> has type A n with I dividing n+ 1, a special w and J are identified in (|4.8.1|) . Also, in the 
exceptional cases, each pair w £ W and J C n identified in Appendix A.l satisfies the property 
W ($+) = $+ 

Lemma 4.1.1. Let w £ W be such thatw{^) = $j for some J C II. For alia £ J, (w-0, a v ) =1—1. 

PROOF. Since w ■ = w(p) — p, the claim is equivalent to showing that / = (w(p),a v ) = 
(p,w~ 1 (a) v ) for all a 6 J. But, by our assumption on w, w _1 (J) is the unique set IIo of simple 
roots for $o contained in $J = $ + n $0- So, the lemma asserts that (p,(3 v ) = I for all (3 € IIo. 
Therefore, although w € W is not uniquely determined, if the lemma holds for one choice of w, it 
holds for all choices. Now, in the exceptional cases, for each I, an element w £ W and a subset J C II 
satisfying w($ f ) = $j are identified in Appendix IA.11 In these cases, the lemma can be checked 
directly by using the tables in Appendix IA.2I which explicitly give w ■ 0. 

Now assume that $ has classical type A n , B n , C n , or D n . We can also assume that IIo ^ 0. 
Then $o consists of all roots a such that the coroot a v has height ht(a v ) = (p, a v ) divisible by I. In 
particular, I < h. If /3 V is any coroot of height m > 0, then, for any positive integer i, 3 < i < m, 
it is easy to see (in each possible case), that f3 v = 5 V + j v for 8, 7 £ $ satisfying ht(5 v ) = i. Then 
f3 = aS + 67, where a,b are positive rational numbers. If /3 £ $q with ht(/3 v ) = tl, t > 1, then 
/3 V = S v + 7 V with (5, 7 e $+. If /3 € IIo, h follows that ht(/3 v ) = i, i. e., (p, /3 V ) = I, as required. □ 

For chosen w £ W and J C II such that w(<&q ) = $ j, set 

(4.1.1) M:=(indg[ P 6 ;V0)*. 

By the lemma, it; • is a J-Steinberg weight (see Section 2.10). The module M is therefore isomorphic 
to a "Steinberg" type module on U^(lj) that remains irreducible if viewed as a M^([j)-module. The 
highest weight of M is — wo,j(w ■ 0) and the lowest weight of M is — w ■ 0. Note that the module M 
does depend on the choice of w. 
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4.2. Weights of A" ^ 

By Section 12771 the Ad-action induces an action of Uq (pj) (and hence also of u^(pj)) on U^(uj). 
This defines an action of U^(pj) on the cohomology H*(^(uj), C). See also Section |2~51 In Theorem 
l4.3.1l below. we determine 

Rom^iimd^lfw ■ 0)*,H*(W c (u J ),C)). 

By Proposition 12.9. lT b) . it follows that, as a C/,?-module, H*(Z^(uj), C) is a subquotient of A* j. The 
key ingredients to proving Theorem 14.3.11 below are the following computational results concerning 
the weights in A* j. 

Proposition 4.2.1. Let I be as in Assumption \1.2.H Choose w £ W and J C II such that w(§q) = 
$j\ Let j be a J -dominant weight of A^ j such that 7 = — wq,j(w ■ 0) + Iv for some v G X . 

(a) Suppose that I \ n + 1 when $ is 0/ type A n and I 7^ 9 when <E> is 0/ type Eq. Then 
7 = ~wq^j(w ■ 0) (i.e., ^ = 0) and i = £(w). 

(b) If $ is of type A n with n + 1 = Z(m + 1) and w is as defined in \4-8. £/ien 7 is one 0/ £/ie 
following, for < i < I — 1 : 

7 = — wo,,/(w ' 0) + lv2tt m +i) with i = £{w) + (m + l)t(l — t). 

We set -cuq — 0. 

(c) If $ is of type Eq and I = 9 (assuming that w and J are as in Avvendix \A.l\) , then 7 is one 
of the following: 

7 = —wq_j(w ■ 0) with i = £(w) = 8, 
7 = —wo,j(w ■ 0) + im\ with i = 20, 
7 = —wq,j(w ■ 0) + fn76 wii/i i = 20. 

One should observe that the weight v in the statement of the proposition must necessarily be J- 
dominant by Lemma 14.1.11 The proposition will be proved below. See Section [4.41 

4.3. Multiplicity of the Steinberg module 

Assuming that Proposition 14.2. ll holds, we can now determine how often the "Steinberg module" 
M (introduced in 14.1.11) appears in H* (u^(uj), C). When I > h, w = 1, J = 0, and M = C. In parts 
(b) and (c) of the theorem, the notation Izuj is used to denote the one-dimensional L^([j)-module 
with weight Iwj. 

Theorem 4.3.1. Let I be as in Assumvtion \1.2.f\ Choose w <E W and J C II such that w(<&q) = 

(a) Suppose that I \ n + 1 when $ is of type A n and I 7^ 9 when $ is of type Eq. Then as 
Uq{{j) -modules 

Hom tl<([j) ((ind^ P b ; ) u;.0)*,ff(W c (u J ),C)) = %! % = &{w) 

a ; 10 otherwise. 

(b) If<& is of type A n with n+l = l(m+l) and w is as defined in ^4-8. then as Uq(\j) -modules 



Hom Mc([j) ((ind[g P b) 7) w ■ 0)*, ff^uj) 




if i = £(w) 

l^(i-t)( m +i) if i = t( w ) + l)t(l - t) 
forl<t<(l- l)/2 
otherwise. 
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(c) If $ is of type Eq and I = 9 ( assuming that w and J are as in Appendix \A.1\) , then as 
Uq(Ij) -modules 

!lw\ © Itdq if i = 20 
C ifi = t(w)=8 

otherwise. 

PROOF. Since Hom U( .([ J )((ind^^^w • 0)*, B*(U^(uj), C)) is a module for L^(lj) on which uq(Ij) 
acts trivially, it is also a (finite dimensional — hence completely reducible) module for the universal 
enveloping algebra U(Ij) (see Section ■ Thus, if Hom„ c(lj) ((ind^M^w ■ 0)*, H*(W c (uj), Q) ^ 0, 

any {/^([j)-composition factor will be of the form Lj(z^)W for a J-dominant weight *a In other words, 
there must be a nonzero J7^([j)-homomorphism 

(4.3.1) (md^ b f w .oy®Lj(vp ->H'(W c (uj),C). 

Hence, the weight —wo : j(w ■ 0) + lu must appear in H*(Wf(tij), C), and so also in A* ^ by Propo- 
sition 12.9. lf b) . The theorem now follows from Proposition 14.2.11 if each weight listed therein does 
indeed give rise to a non-trivial homomorphism as in (|4. 3. 1[) . 
By Proposition 12.9. lT a) . 

oo dim(uj) 

(4.3.2) £(-l)«chH"(W c (u J ),C)= J2 (-l)"chA^ 7 . 

Since H*(U(uj), C) can be computed from A*(u}) considered as a complex (with appropriately defined 
differential), we similarly have 

dim(uj) dim(uj) 

(4.3.3) £ (-l)"chH"(U(u. 7 ),C)= £ (-l)"chA"(u}). 
Clearly, ch c A£ 7 = ch A"(u}). Hence BX21 and BX^ give 

oo dim(uj) 

(4.3.4) ^(-l)"chH"(W c (u J ),C)= J2 (-l) n chH"(U(uj),C). 

?i=0 n=Q 

Let J W — {x £W \ x($ _ )n<I> + C be the set of distinguished right Wj-coset representatives 

in W. By jWJ Thm. 2.5.1.3], 

dim(uj ) 

(4.3.5) £ (-l)"chH"(U(u, 7 ),C)= J2 (-lY (x) chLj(-w ,j(x-0)). 

n=Q xe'W 

Also, (cf. [HK, Prop. 3.4.5]) 



ch, 



< ind c/^(fa^ J )( _u; o,j(a; • 0)) = chLj(-w Q ,j(x ■ 0)). 
Combining this with (|4.3.4j) and (|4.3.5j) gives 

oo 

(4.3.6) ^(-l)"chH"(W c ( Uj ),C)= J2 (-l^chind^^^-^J^-O)). 

n=0 x£ J VK 

The weights 7 in Proposition 14.2. H are all "Steinberg weights" whose induced module is injective 
over U^(lj). Hence, they do not appear as a composition factor in any other induced module. For 
part (a), since only one such weight occurs, it gives rise to a composition factor on the right-hand side 
of (|4.3.6|) which cannot be canceled out by any other factor. Hence it appears as well on the left-hand 
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side which completes the proof. For parts (b) and (c), while multiple "Steinberg weights" appear, 
these weights are all distinct and hence give rise to distinct composition factors on the right-hand side 
of (|4.3.6I) which cannot cancel each other out. Hence, they all appear on the left-hand side as well. □ 

Remark 4.3.2. In those cases where the cohomology is two-dimensional, the differences of the weights 
are neither sums of positive roots nor sums of negative roots. Hence the isomorphisms in the theorem 
also hold as [/^(pj)-modules. 

4.4. Proof of Proposition [472. II 

The remainder of Section [4] is devoted to proving Proposition 14.2.11 Note first of all that the 
weight — wq,j{w ■ 0) does appear in A* 7 in degree £(w) (cf. |GW| 7.3], |FP1| Prop. 2.2]). So the goal 
is to show that (in most cases) a weight v satisfying the hypothesis must in fact be zero. In Sections 
14.51 -4.8. the classical root systems will be considered. For these, we will mainly work with the e-basis 
that represents <J> |Bol p. 250] and (— ,— ) will always denote the ordinary Euclidean inner product. 
In Section f4.5l we first show that (v,a v ) — for all a £ J. To do this, for each of the classical 
root systems X £ {A n , B n ,C n , D n } we show the existence of an element Sx € X with the following 
properties: 

(4.4.1) max(A, Sx) '■— max{(A, Sx) | A a weight of A* 7 } = (— wo i j(w ■ 0),5x) and 

(4.4.2) (ujj,Sx) > for all fundamental weights Wj corresponding to ay G J. 

When $ is of type A n or C n , one can choose Sx — J2 a eJ °^ ana - * ne maximum value in (|4.4. 1|) turns 
out to be simply (I — 1)| J\. 

Now assume that a Sx satisfying properties (|4.4.ip and (|4.4.2|) exists and that —Wq ; j(w ■ 0) + Iv 
is a J-dominant weight of A£ j for some J-dominant weight v. Then 

(-w 0)J (w ■ 0),S X ) + l{v,5x) = (-w ,j(w ■ 0) + lv,S x ) < max(A,<5x) = (-w ,j(w ■ 0),S X )- 

This forces v to vanish on J. To show that v — 0, it remains to show that (v,a y ) = for a € U\J. 
In Section 14.61 this is shown for types B n , C n , D n . Sections 14.71 and 14.81 are devoted to dealing with 
type A n and showing how the "extra" weights arise in Proposition I4.2.T1 

In Section 14.91 similar ideas along with direct computations will be used to deal with the excep- 
tional root systems. 

4.5. The weight Sx 

In this section, we construct a weight Sx which satisfies properties (|4.4. 1|) and (|4.4.2I) . We will 
first consider the case m > 2 in Theorems 13.2.11 and 13.2.21 
For $ of type A n and 

$o = $j = A m X ■ ■ ■ X A m X A m -i x • • • x A m _i; 

* v ' s w / 

ri times r 2 times 

we choose J in the "natural" way, namely such that 

n\J = {a t ( m +i) I 1 < * < n} U {tt r ,( m+ i) + M I 1 < a < r 2 - 1} 
and w such that u;( < I > c |~) = $j. The Dynkin diagram below illustrates our choice for J. 
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i) • ( • ^— ■ • • • ) • C^~~i) « ( • ■■^ ■■■ ^ ») 

-^m -<4m — 1 A m — \ 



r\ times r 2 times 

Let 

5 A = (1,0,..., 0-1,..., 1,0,..., 0,-1, 1,0,..., 0,-1,..., 1,0,..., 0,-1) 

" V ' V v ' 

T\ times Ti times 

in the orthonormal basis describing $ in n + 1-dimensional Euclidean space E [Bo, p. 250]. Note 
that the first ri-groupings of (1,0,..., 0, —1) have m + 1-components, while the last ^-groupings of 
(1, 0, . . . , 0, — 1) have m-components. In this case, 5a = J2 a eJ aV ' an< ^ evidently (wj,5a) > for all 
vjj corresponding to simple roots in J (property (|4.4.2|l ). 

To show property (|4.4.1[) , let A be a weight of A£ j. Then A is a sum of distinct positive roots not 
in <5j . If (3 is a positive root then (/3, 5a) — 0, ±1, ±2 (i. e. (3 — a — Cj with i < j). Set 

A[t] = {0 G $+\$+ | ((3,6 A ) =t}. 

A quick count shows that 

(ri + r 2 - \){t\ + r 2 ) 



Therefore, 



2 

|A[1]| = (m-l)(ri+r 2 -l)ri + (m-2)(ri+r 2 -l)r 2 . 



max A (A,^) = 2L4[2]| + |A[1]| 

= {r\ + r 2 - l)(mri + (ra — l)r 2 ) 
= (n + r 2 - 1)\J\. 

According to Theorem 13.2.11 we can set r\ = s + 1 and r 2 = / — s — 1. Consequently, 

maxA(A,<U) = (l- 1)1-7] = (-wo,j(w ■ 0),5a) 

because A n is simply laced. 

For the other classical Lie algebras, let <E> be of type X n where X — B,C, D with 

$ = $j = A m x • • • x A m x A m _! x . xl 9 . 

V / v / 

ri times r 2 times 

Again the "natural" choice for J, is such that 

n\J = {a t (m+i) | 1 < * < U {a,. l(m+1)+sm | 1 < s < r 2 } 

with 

5 X = (1,0,..., 0-1,..., 1,0,..., 0,-1, 1,0,..., 0,-1,..., 1,0,..., 0,-1, 1,0,..., 0). 

^ V V 

ri times r2 times 

Notice that in all cases —w 0m j5x = <5x- By using [GW, p. 102], one can verify that (wj,5x) > for 
all Wj that correspond to simple roots in J. If /? is a positive root in X n then (/3, #x) = 0, ±1, ±2, so 
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set X[t] — {f3 £ <5> + \$j | (f3,5x) = t}. By using our computations for type A n with consideration of 
other positive roots in X n , it follows that 

Un+r 2 ) 2 X n = B n - 

\X[2]\= I (n+ra)(ri+r2 + l) X n = C n ; 

[(ri+r 2 ) 2 X n = D n 

and 

( 2(n + r 2 )(n(m - 1) + r 2 (m - 2)) + (2q ~ l)(n + r 2 ) X n = B n ; 
\X[1}\ = I 2(n + r 2 )(n(m - 1) + r 2 (m - 2)) + 2(g - l)(n + r 2 ) X„ = C„; 

[2(n + r 2 )(n(m - 1) + r 2 (m - 2)) + 2(q - l)(n + r 2 ) X„ = D„. 

Hence, 

max A (A,<5 A -) = 2|X[2]| + |X[1]| 

'2(r a + r 2 )(nm + r 2 {m - 1)) + (2q - l)(n + r 2 ) X n = B n ; 
2(ri + r 2 )(nm + r 2 (m - 1)) + 2?(n + r 2 ) X„ = C„; 

2(n + r 2 )(nm + r 2 (m - 1)) + 2{q - l)(n + r 2 ) X„ = D n . 

On the other hand, by using the expression of p for the classical Lie algebras in terms of the e-basis 
(see |GW| p. 107]), one sees that 

f (l _ l)( rim + r2 ( TO _ i)) + (/ _ _ i) X„ = S„; 

(-iBo,j(tfl-0),«x) = I (i-l)(rim + r 2 (m-l)) + (/-l)(g) A„ - C7„; 

[ (/ - l)(nm + r 2 (m - 1)) + (/ - l)(g - 1) X n = D n . 

In Theorems 13.2.11 and 13.2.21 r\ + r 2 — for all root systems $ of types B n , C n , or D n , and so 
maxA(A, Sx) = (—Wo,j(w ■ 0),5x) as desired. 

Next we consider the case m — 1. Again let $ be of type X n where X = A, B, C, D with 



$ s 



' Ai x ■ ■ ■ x A t for X„ = A n , C n , or L>„ 

r times 

A\ X • • • X Ai xAi for X n = 



r times 

Here we choose J = {a 2 t_i | 1 < t < r} and J — {a 2 t-i | 1 < t < r} U {a„}, respectively. Let 

(1,-1,...,1,-1,0,...,0) for X n = An, C n , or D n ; 



"x 



r times z times 

(1,-1,..., 1,-1,0,..., 0,1) forX n = B„. 



As above, one can verify that {vjj,5x) > for all Wj that correspond to simple roots in J. Also, we 
conclude that 



\X[2]\-- 

and 

Wl]| = 



f r(r-l) 


X n — 


A n 'i 


J r 2 2 


X n = 


^n , Cn ) 


[r(r - 1) 


x n = 




rz 


X n : 


— A„; 


2rz 


X n : 


= Cm D 



2rz + r + z X n = B n 
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Hence, 



maxx(X,S x ) = 2\X[2]\ + \X[1}\ = 



V(r + «-l) X n =A n - 

(r+±)(2r + 2z) X n = B n ; 

r(2r + 2z) X n = C n ; 

t r(2(r + «-!)) X n = D n . 



On the other hand, by using the expression of p for the classical Lie algebras in terms of the e-basis 
(see |GW1 p. 107]) one sees that 



(-w 0) j(w ■ 0),5 X ) = 



r {l — 1) X n — A n , C n , D n \ 

(r+i)(/-l) X n = B n , 

By Theorems 13.2.11 and 13.2.21 r is the number of copies of A\ and z = n + 1 — 2r (respectively, 
n— 2r — 1, n — 2r) in type A n (respectively, B n , C n or D n ). One obtains that 

ttl X = D 
Again, max A (A, 5 a') = (-w ,j(w ■ 0),S X )- 
4.6. Types £?„, C„, D n 

In this section $ is always of type B n , C n or D n . Under this assumption we show that the only 
weight v satisfying the hypothesis of Proposition l4.2.l1 is the zero weight. Note that our restriction on 
the root systems and I being odd implies that gcd(Z, (X : Q)) = 1. For any such weight v we observe 
that Iv € Q because —wo,j(w ■ 0) + Iv is a weight of Al j. It follows that v £ Q. 

Our results in Section 14.51 show that both —wo^j(w ■ 0) and — wo,j(w ■ 0) + Iv consist of a sum of 
all the roots in A[l] U A [2] with some additional terms involving roots in A[0]. Therefore, Iv is a sum 
of distinct roots in A[0] U -X[0]. 

We express Sx and v in the e-basis as Sx = X)"=i ^x.i^i and v = X)"=i respectively. Notice 
that v £ Q implies that v £ Zei © • • • © Ze n . Define the following sets 

(4.6.1) 5 (ai6 ) = : S x ,i = a, S x ,j = b, and i < j} and 5 (a ) = {i : S x ,i = a}. 

The case when $ is of type B n will be discussed in detail. The verification that v = for the cases 
when <3> is of type C n and D„ are left to the reader. 

Any positive root of the form ej — ej in B[0] satisfies £ 5(0,0) U ^(1,1) U SV-i.-i)) an y positive 
root of the form + in £?[0] satisfies (i, j) <E 5(0,0) U 5(1,-1) U 5(-i,i) and any positive root of the 
form a in B[0] satisfies i £ 5(o). Using (|4.6.ip , we can express 

Iv = VJ m il j(e i — 6j) + ^2 rhi,]( e i- e ]) 
(»,i)eS(i,i) ^.iJeSt-i.-i) 

+ X] r Hj( e i + e j)+ X! «i,i(ei + £ j) 

+ X Pw( e i _e i)+ X ft,i( £ i + £ j)+ X 

with mij,mij,ni^,ni i j,gi,Pi,j,p, ) j = 0,±1. 

The above expression shows that if (5b.; = 1 then Ivi = X)j( m ij + n « j + TO j.« + For fixed i, 
it follows from Theorem 13.2.11 that the number of pairs of the form together with those of form 
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(j, i) in 5(1,1) are less than (I + l)/2. A similar counting argument shows that the number of pairs of 

the form (i,j) in Sn—i\ together with the number of pairs of the form in 1,1) are l ess than 

(/ — l)/2. Therefore, | y"\(mj,, + n^j + m^j + — — 1) an d fe.i = 1 implies i>i = 0. Similarly, 
one can argue that Sba = —1 implies z/j = 0. 

Any simple root e,; — e.j +1 G n\J satisfies either 5b. i = — 1 and <5b.;+i = 1 or <5e j — and 
&B,i+i = 0. It follows from above that, for any a G IT\ J, 

i£S(0) (i,j)&S(o,o) (ij)eS(o,D) 

For m > 1, there are no roots in II\J with <5s.i = and 63,1+1 = and the inner product on the 
right-hand side vanishes. Since v vanishes on J, one concludes v — 0, as desired. 

Assume m — I and let i be such that Sba — 0, then Ivi = qi + J2j (Pi,j +Pi.j +Pj.i ■ Theorem 

13.2.11 implies that for fixed i there are less than (I — l)/2 pairs of the form or in .S^o.o)- It 
follows that l\vi\ = | + Ylj{Pi,j + Pi,j < Tnis forces j/ = 0. 

4.7. Type A„ 

In this (and the next) section $ is always of type A n with simple roots ati, . . . , a n . We will show 
that a weight v satisfying the hypothesis of Proposition 14.2.11 equals the zero weight unless I divides 
n + 1. For /i G Q, pi always denotes the coefficient of p in its expansion in terms of the e-basis (i. e., 

En+1 \ 
i=l M^i). 

First consider the case when m > 1 in Theorem l3.2.1l Let 

$o = $j~4 ra X'"X A m x A m _i x ■ ■ • x A m _i 

s + 1 times i - s - 1 times 

where n — lm + s and < s < I — 1. 

We choose J as in Section 4.5 and fix a particular w£ W with w(&q) = $ ^ as follows. Partition 
the set {§, § — 1, •••) — f + 1) — f}j i- e -: the set of coordinates of p in the e-basis, into its congruence 
classes modulo I and order each congruence class in decreasing order. Then we order the congruence 
classes according to the size of their largest element from highest to lowest. The resulting array is the 
coordinate vector of a PF-conjugate of p. We denote this conjugate by wp and w G W denotes the 
unique permutation that sends p to wp. If we identify the Weyl group with the symmetric group in 
n + 1 letters, then w can be described as follows. 



(4.7.1) For 1 < i < n + 1 define Si, U via i — 1 = sj + ti with < U < I — 1 

(4.7.2) Then w(ej = e w u) where w(i) - 




(4.7.3) Moreover, w ,jw(i) = 



if < U < s 
if s + 1 < U < I- 1. 

(U + l)(m + 1) - Si H0<U<s 
(U + l)m - Si + s + 1 if s + 1 < U < I - 1. 

For any u G W define Q(u) := {a G $ + | ua G Using (14.7.11) and (14.7. 2\ we find that [GW1 7.3] 

(4.7.4) Q(w) — {ei — ej | Si < Sj,ti > tj} and w ■ = ^ —10(7). 

{ieQ(w)} 

Define 

'w ,jw(lm + i) = l + (i- l)(m + 1) if 1 < i < s + 1 

w .jw(l(m - 1) + i) = 1 + (i - l)m + (s + 1) if s + 2 < i < I, 



f(i) 
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and 

(4.7.5) g{i) 



wo.jw(i) = i(m +1) if 1 < i < s + 1 

wo,,jw(i) — im + (s + 1) if s + 2 < i < I. 



Next set <5 l = e /(l) - e ff(i) for 1 < i < I. Then 5 A = ^ 5* = ^e/(i) - e s (i)- 

i=l i=l 

The ctg(i) = e ff (j) — ey(j +1 ) are precisely the simple roots contained in II but not in J. 

Using the notation introduced in (|4.6.1|) . we partition A[0] into the following subsets: 

A[0) | € S (0<0) }, 



^(a,a)' 



Rt 

(0,0) 


{e-i - ' 


#(i,i) = 


{fi - i 




{e-i - ' 


In addition we set R( a ,a) 


= i?+ 

(a. 


form root systems of typ 


e 


(4.7.6) 


ft 


respectively. 




Next define 





Pi '•— — e /(i+i) an d 7"j :— e g (i) — e g (i+i), 



5+ := {e /(l) - e /(j) | 1 < £ < s + 1, s + 2 < j < /} and S := S + U -S + . 
Then it follows from (|4~7T5|) through (j4~7T5)) that 

(4.7.7) Rf x _ x) n w 0;J w(Q(w)) = and Rt 1} n iu ,jw(QM) = <S + . 

One concludes that the weight —wq^j(w ■ 0) is the sum of all roots in A[l] U A[2] together with certain 
roots in R^ ^ and the roots in S + . The elements of S + can also be characterized as those roots in 
R^ ^ that contain f3 s +i- It is important to note that no roots of R^_ 1 _-n contribute to — wqj(w ■ 0). 

Next assume that A is a weight of A* j such that (A + Wo t j(w ■ 0),a) = for all a E J. Set 
v = A + wo,j(w • 0). Using the /3-basis of and the 7-basis of R(^\,-x)i we express v in the form 

l-i 1-1 

(4.7.8) v = + liTi + 

Since v is the zero weight when restricted to J, one observes that (y,8 % ) = for 1 < i < I. Since 
(^, 5 1 ) = 0, fci — l\ = and, inductively, it follows from (^, = that fc^ = Z,; for 1 < i < I — 1. 
Moreover, it follows from (|4.7.7p that all ki and U are nonnegative. One concludes that v is a sum of 
distinct roots in -R(o.o) together with distinct roots in R^_ x _^ and in R^ ^\S + . 

Finally, assume that Ai and A2 are two weights of A* j such that (A; + Wo t j(w ■ 0), a) = for all 
a G J. For example Ai could be of the form —wo y j(u ■ 0) for some u ^ w with u($^) = $j and A2 
could be equal to — wq^jIu-O) +lu, where v is the zero weight when restricted to J. It follows from our 
above arguments that A2 — Ai is a sum of distinct roots in Rr_x^\) Ui?( ljl )\S , Ui?(o,o)- The elements in 
R(i.i)\S form a root system of type A s x A;_ s _ 2 , spanned by the roots {/3i, . . . , /3 s }U{/3 s+ 2, . . . , /3z-i}, 
as defined in (|4.7.6[) . We can decompose A2 — Ai = 71 + 72 + 73 where the support of 71 lies entirely 
in the type A s component of R^i^\S, the support of 72 lies entirely in the type yl;_ s _2 component 
of R/i^\S, and the support of 73 lies entirely in R(_ 1 _ 1 - ) U R(o,o)- 
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Next observe that ot g (i) = ft — S l . It follows that (A2 — Ai,a s (i)) = (A2 — Ai,ft) = (71 + 72, ft). 
The inner product of A2 — Ai with the roots in n\ J is then given by the following: 

f (71, A) if 1 < i < s, 
(4.7.9) (A 2 - Ai,a s(i) ) = I (71 +72, ft) ifi = * + l, 

[( 72 , ft) i£s + 2<i<l-l. 

Since 71 is a sum of distinct roots of a root system of type A s a direct computation shows that 
I (71, ft) I < s + 1. Similarly, |(72,ft)| < I — s — 1. Now A 2 — Ai € ZX implies that either Ai = A2 or 
I = s + 1. Hence, Proposition 14.2. II holds for type A n as long as I does not divide n + 1. 
Suppose now that m = 1. Then 

$0 — — ^1 x ' ' ' x M ■ 

s + 1 times 

Essentially the same argument as above works here as well. We highlight some of the differences and 
leave the details to the interested reader. The definition of w holds as above with m = 1. Define f(i), 
g(i), S l , 5a, and cx g u) just as above with m = 1. Note that for i > s + 2, f(i) = g(i) and 8 l = 0. In 
the definitions of R~t ^ and Rf^ _-m we have l<i<j<s + l, and the root systems R(i,t) and 
are of type A s , while £ + = 0. For s + 2<i<Z — 1, the ft = tj form a basis for the root 
system i?(o,o) 01 type A;_ s _2- The equivalent of (|4.7.7j) is now 

R ta.a) n w ,jw(Q(wj) = where a G {1, 0, -1}. 

In (|4.7.8[) . the index i should run from i = 1 to i = s. Next we consider A2 — Ai, as defined above. 
We decompose A2 — Ai = 71 + 72 + 73 with the support of 71 in the support of 72 in R(o,o) 

and the support of 73 in R(_ 1 _iy Then equation (|4.7.9[) remains valid. Hence one obtains the same 
conclusion. 



4.8. Type A n with I dividing n + 1 

Let $ be a root system of type A n . We begin with the special case I = n + 1 = h. Here J = 0. 
We will make use of the following Lemma. 

Lemma 4.8.1. Let $ be of type A n> I = n+ 1 and v 6 X . The weight Iv appears in A* if and only 
if v = V3i for some < i < n, where ujq = 0. 

Proof. Assume that lu = (n + i)v is a weight of A" . It follows from the argument in |AJ[ 2.2, 
6.1] that v = uvji, for some u € W and < i < n. Next assume that v — uvji 7^ Wi. Note that 
(n + l)zui = J2]=i j( n + 1 _ i) a j + Yl]=i+i K n + 1 _ j) a i and ^at {n+ l)uwi = Y?j=i\j( n + 1 ~ *) _ 
<7j(n + l)]o!j + + 1 ~ i) — -Pj( n + f° r some qj,Pj > 0. Since (n + l)uwi is a sum of 

positive roots it follows that q\ = 0, while uvoi 7^ Wi implies qt > 1. Therefore, there exists a j with 
1 < j < « such that <7j = and qj+i > 1. Since (71 + l)unz; 6 A* , it is a sum of distinct positive 
roots. From the preceding decomposition into simple roots and the assumption on j, this sum includes 
precisely j(n+l — i) distinct roots that contain the simple root ctj. However, this sum contains at most 
(j + l)(n + l — i) — (n+1) distinct roots that contain ay+i and hence at most (j + l)(n+ 1 — i) — (n + 1) 
distinct roots that contain ctj + Oj+i. On the other hand, there are only j distinct roots that contain 
ctj but not Oj+i. But (j + l)(n + 1 — i) — (n+ 1) + j = j(n + 1 — i) — i+j < j(n + 1 — i), which is a 
contradiction. 

The weight Iwi is precisely the sum of all positive roots containing a;. Hence, it is a weight of 
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Assume throughout the remainder of this section that I divides n + 1. We continue to identify the 
Weyl group with the symmetric group in n + 1 letters. Then I = s + 1 and the definition of w given 
in (|4.7.1j) and (|4.7.2j) can be simplified to 

(4.8.1) w(ei) = t w (i) where w{i) — U(m + 1) + Sj + 1. 

We now follow the arguments used in }AJ| 6.2]. Recall that n + 1 — (to + 1)1. We define the element 
a € W as follows: 

cr = (1,2, + 1, 1 + 2, 2?) • • • (m/ + 1, to/ + 2, (m + 1)/). 
Direct computation shows that w(a ■ 0) = —lva g ^ for 1 < t < I — 1. Setting = yields 

(4.8.2) io • = wo* ■ + /ro 9(t) for < t < I - 1. 
We find that 

Q(w') = {e ( - £j | s 4 < Sj,o-*(ii + 1) > <r*(fj + 1)} 

U {ei - ej | Si = Sj,tj < tj- and cr*(i,; + 1) > er*(i,- + 1)}. 

The cardinality of the first set in the above union is equal to the cardinality of Q(w) (see (|4.7.4l0 
while the second set can be identified with Q(<t 1 ). Using this decomposition of Q(wcr t ), [G\N\ 7.3], 
and |AJ1 6.2(3)], we conclude that 

(4.8.3) £(uk7*) = £(w) + t{a*) = £(w) + (m + l)t(l - t). 

Next, assume that Iv — wq,j(w • 0) is a weight of A* j such that (Iv, a) = for all a 6 J. The 
discussion in Section |4~71 shows that Iv is a sum of distinct roots in Rf t _^ U R(o,o) U R(i iy We 
can decompose v = 71 + 72 where the support of 71 lies entirely in i?^ ^ and the support of 72 lies 
entirely in iC_x -1) ^ -^(0,0) ■ ^ s before, the inner product (Z^, = (/^, /3,-) = (Z71, /3j) is completely 

determined by the contribution coming from i?^ j,, the positive roots of a type root system. 

Let Ki denote the fundamental weight corresponding to the simple root fii of the root system of type 
Ai~\. It follows from the above lemma that Iv = iKi- Moreover, it follows from the construction that 
^ = ttgii). Finally, by (|4.8.2[) . for each 1 < i < I — 1, we have 

-w ,j(w ■ 0) + ltz!g(i) = -w ^j{wa l ■ 0), 
and the latter weight is a weight of A^ 7 (cf. [GW1 7.3]. [FPll Prop. 2.2]). Further, by this lies 

in degree £(wa l ) = £(w) + (m + l)t(l — i). Since g(i) = i(m + 1), the result follows. 

4.9. Exceptional Lie algebras 

In this section, we assume that the root system $ is of exceptional type. We show that if v 
satisfies the hypothesis of Proposition 14.2.11 then v = except in the case when $ is of type Eq and 
/ = 9. Note that in the excluded case / is divisible by (X : Z$) = 3. Our goal is to show that if 
—wq,j{ w ' 0) + Iv with v being J-dominant is a weight of A* j, then v = 0. For the exceptional Lie 
algebras, an explicit choice of w and J is listed in Appendix IA.ll One can then explicitly compute 
the value of —wo,j(w ■ 0). This was again done with the aid of MAGMA |BQ IBCP] and the results 
are given in tables in Appendix IA.2I The weights in the tables are listed with respect to the basis 
{vj\, . . . , tu„} of fundamental dominant weights. 

Since the dimension of A* j is finite, with the aid of a computer, one could in principle compute 
all possible weights of A* j and compare them to — wo,j(w • 0) modulo /. For types F4 and G2, this 
can readily be done and one finds that v = 0. For type E n , the size of A' j is sufficiently large as 
to make the computations somewhat impractical on a typical desktop computer. As such, we present 
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an alternative approach which makes use of some of the ideas from the preceding sections on classical 
root systems to show directly that v = or reduce the computations to a more manageable number. 

In what follows, let <5 V = J2 a eJ aV - This is a slight abuse of notation since 6 V may not equal 
(Sqsj a ) V but should not lead to any confusion. Recall that (—wq.j(w ■ 0),<5 V ) = (I — 1)|J|. As in 
Section FOl set max^(A,<5 v ) := max{(A,(5 v ) | A a weight of A£ j}. As with the classical cases, the key 
to showing that v = is that max>(A,<5 v ) is in general "close" to (I — 1)|J|. 

To make this more precise, set 

E[t] :={pe$ + \*-$ | W,SV)=t}. 
Then we can decompose 3> + \<frj MS (X disjoint union: 

$+\$+ = E[< 0] U E[0] U E[> 0] 

where 

E[> 0] = U t>Q E[t] and E{< 0] = L) t<0 E[t]. 

That is, we separate the positive roots into those which give a positive, zero, or negative inner product 
with 5 V . Since weights in A* j are composed of sums of distinct positive roots from , clearly, 

max(A,<5 v ) = < E &* V >- 

0eE[>O] 

For convenience, for the remainder of this section, set A := Y^^eE[>0] P- O ne might think of A as a 
conical representative of those weights having maximum inner product with S v . If a is a weight of 
A£ j with (a, <5 V ) = (A, 5 V ), then we would have a = A + z where z is a sum of distinct roots which lie 
in E[0]. With the aid of MAGMA the weight A can be readily computed for a given I, w, and J. For 
each relevant case, the weight A is given in the tables in Appendix IA. 21 

Let x = —wq^j(w ■ 0) + Iv be a J-dominant weight of A* j. Our goal is to show that (in all but 
one case) the only such weight that occurs is when v = 0. Recall that, as mentioned in Section POl 
the weight — Wo,j(w ■ 0) appears in A* j . To show that v = 0, we show that (v, a v ) — for all a e II. 
We separate this into two cases: a € J and a E H\J. The first case follows if it can be shown that 

|(- Wo ,, 7 (u,-0),<5 v )-(A,<5 v )| </. 

The numbers (—w a _j(w ■ 0), <5 V ) and (A, (5 V ) can be found by direct calculation. These values are given 
in the tables in Appendix IA.2I We find that the desired inequality holds in all but one case (type E$ 
when I = 7). In that one remaining case, a different argument will be used to show that (v, a v ) = 
for all a £ J. 

We now outline the basic process for showing that (v, a v ) = for all a € IT\ J. Note that there will 
be precisely one case (type Eq when I = 9) when this fails to hold. Once it is known that (v, a v ) = 
for all a € J, it follows that (v, <5 V ) = 0. Hence (x, S v ) = (-w ,j(w ■ 0) + lu, 5 V ) = (-w 0t j(w ■ 0), S v ) = 
(I - 1)| J\. By the definition of A, we have (X,5 V ) > (x,6 y ) = (I - l)\J\. The underlying idea of the 
proof is that (A, <5 V ) and (x, 6 V ) are in many cases equal or in general differ by only a small amount. 
We express x in the form x = A — a + b + z where a, b, and z consist of (possibly empty) sums of 
distinct roots lying in E[> 0], E[< 0], and -E^O], respectively. While z can consist of arbitrarily many 
elements from ^[O], a and b are constrained to consist of a small number of elements from E[> 0] or 
E[< 0] depending upon how close (A, <5 V ) is to (I — 1)| J|. In each case, this can be explicitly described. 

Given a € II\ J, by direct computation, one can find bounds A and B (integers) such that for an 
arbitrary linear combination z as above, one has A < {z, a v ) < B. In some cases, these bounds will 
be sufficient to conclude that v — 0. For such cases, the bounds will be given below. When that is 
not sufficient, using the expression of x as A + a — b + z, and considering the possibilities for a and b, 
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one can then obtain bounds A' < (x,a v ) < B' for each a € U\J. In those cases needed, the bounds 
are listed in Appendix IA.2I On the other hand, 

(x, a v ) = (— Wo,j(w ■ 0) + Iv, a v ) = (— u>o,j(u> ■ 0), a v ) + l(v, a v ). 

The value of (— Wo,j(w ■ 0),a v ) can also be computed, and (as needed) is listed in Appendix IA.2I 
Comparing this to the bounds on (x, a v ), one often finds that (u, a v ) must be zero. When the bounds 
allow for a nonzero v, MAGMA is used to verify that no solutions exist (except in type Eq when 
I — 9) by checking all possibilities for a, b, and z. When needed for efficiency, the known bounds can 
be used to limit the possible choices for z. The basic details for each case are given below. 

Type E 6 : 

I = 11: Here A = —wo,j(w ■ 0). For i = A- a + fc + zas above, we have 

(-w ,j(wO),S v ) = (x,S v ) 

= {X,6 V ) - {a,6 v } + {b,6 v } + {z,S v ) 

= (-w ,j(w0),5 v )-{a,5 v ) + (b,5 v ). 

By definition (a, <5 V ) > and {b, 6 V ) < 0, and so a and b must be empty. Hence x = A + z. Since we 
are also assuming that x = —wq_j(w ■ 0) + Iv, it follows that z would need to equal Iv. However, for 
a £ n\ J, one finds that —4 < (z, a v ) < 6. Hence z cannot equal 11^ unless v = 0. 

I = 9: In this case, (-w o ,j(w-0), S v ) and (A, 5 V ) differ by two. Also E[> 0] = E[l] and E[< 0] = E[-l]. 
So there are three ways we can express x in the form A — a + b + z: 

(1) x = A — x\ — X2 + z where X\, X2 € E[l] (x\ ^ X2), 

(2) x = A — X\ + 1/1 + z where x\ G E[l] and yi £ E[—l], 

(3) x = A + yi + y 2 + z where yi,y 2 € E[-l] (yi ^ y 2 )- 

Using MAGMA, we compute all such weights A — a + b + z and check whether or not they can be equal 
to —wo t j(w ■ 0) + Iv for a J-dominant weight v. In case (1), we find precisely one pair of elements 
in E[l] that works with z being an empty sum and v being zero. That is, —wq j(w • 0) is a sum of 
eight distinct roots in -E^l]. In case (2), no sums over E[0] work. In case (3), we find however two 
cases where A plus two elements of E[— 1] and eight elements of E[0] equals —w ,j(w ■ 0) + 9v for a 
J-dominant weight v. In one case v = w\ and in the other v = tdq. The reader should be aware that 
these weights give rise to the exceptions stated in Theorem II. 2.3f b)fiii). 

I = 7: Here (—wo y j(w ■ 0),S V ) — (A, <5 V ) . Arguing as in the I = 11 case, it follows that x must be of 
the form x = A + z. For a € H\ J, one finds the bounds on (x, a v ) listed in Appendix IA. 21 For each 
a, in order to have x = —wq_j(w ■ 0) + Iv, we must have (v, a y ) = 0. 

1 — 5: In this case, (— Wq > j(w ■ 0), <5 V ) and (A, S v ) differ by one. So there are two ways we can express 
x in the form A — a + b + z: 

(1) x = A — x\ + z where x\ € E[l], 

(2) x — A + yi + z where y\ £ E[—l]. 

Using MAGMA, we compute all possibilities and find that only one such expression gives x = —Wo t j(w- 
0) + Iv. Specifically, this occurs in case (1) with z being the sum of a pair of elements from E[0]. 
Again, x — —Wo,j(w ■ 0), i.e., v = 0. 

Type E 7 : 

I = 17: Here A = —wo t j(w-0). Hence, x = X + z, and z would need to equal Iv. However, for a £ Tl\J, 
one finds that —9 < (z,a v ) < 10. Hence, z cannot equal 17 v unless v — 0. 
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I = 15: In this case, (-w .j{w ■ 0),£ v ) and (A,<5 V ) differ by two. Also E[> 0] = E[l] and E[< 0] = 
E [— 1] . As in the type Eq, 1 — 9 case, there are three ways we can express x in the form A — a + b + z. 
For a £ II\J, one finds the bounds on (x,a v ) listed in Appendix I A. 2 1 For each a, in order to have 
x = —wo t j(w ■ 0) + 15is, we must have (y, a v ) = 0. 

I = 13: Here A = —wo j{iV'0). Hence x = A + z, and z would need to equal Iv. However, for a £ H\J, 
one finds that —6 < (z,a v ) < 8. Hence z cannot equal \3v unless v = 0. 

/ = 11: Here A = — wo, j(w ■ 0). Hence x — A + z, and z would need to equal Iv. However, for a £ Tl\J, 
one finds that —4 < (z,a v ) < 6. Hence z cannot equal llv unless v = 0. 

I = 9: In this case, (-w ,j(w • 0),<5 V ) and (A,5 V ) differ by two. Also E[> 0] = E[l] U E{2] U £[3] 
and E[< 0] = 1] U E[— 2} U 3]. If we express ir in the form A — a + b + z, note that a cannot 
involve any terms from E[3] and b cannot involve any terms from £[—3]. So there are five ways we 
can express x in the form A — a + b + z: 

(1) x — A — xi + z where x\ £ E[2], 

(2) x = A — x\ — X2 + z where X\, xi £ E[l] [x± ^ #2), 

(3) x = A — xi + yi + z where x\ £ E[l] and yi £ E[— 1], 

(4) x = X + yi + y 2 + z where yi,y 2 £ E[-l] (j/i 7^ y 2 ), 

(5) x = X + yi + z where ?/ 2 € J5[— 2]. 

For a € n\J, one finds the bounds on (x,a v ) listed in Appendix I A. 2 1 For each a, in order to have 
x = —WQ t j(w ■ 0) + 9v, we must have {v, a v ) = 0. 

I = 7: In this case, (-w ,j(w ■ 0), <5 V ) and (A, S v ) differ by three. Also E[> 0] = E[l] U E[2] U E[3] and 
S[< 0] = E[— 1] Ui?[— 2] Ui?[— 3]. So there are ten ways we can express x in the form A — a + b + z. We 
leave the details to the interested reader. In this case, for a £ U\J, the bounds on (x,a v ) allow for 
the possibility that (u, a v ) 7^ 0. Using MAGMA, we compute all possibilities and find that only one 
such expression gives x = —wo,j{w ■ 0) + Iv. Specifically, this occurs for an x of the form x = A — a 
where a is a sum of three distinct roots in E[l] and b and z are empty. Again, x = —wo.j{w ■ 0), i.e., 
v = 0. 

I = 5: In this case, (-w 0t j(w ■ 0), <5 V ) and (A, <5 V ) differ by three. Also E[> 0] = E[l] U E[2] U E[3] and 
E[< 0] = £[-l]U£[-2]U£[-3]. As in the I = 7 case, there are ten ways we can express x in the form 
A — a + b + z. Here U\J — {014} and one finds that —10 < (x, 0%) < —6. Since (— wo_j(w-0), a( ) = —9, 
in order to have x — —wq,j(w ■ 0) + 5u, we must have (u, a%) = 0. 

Type E 8 : 

I = 29: Here A = —wq i j(w-0). Hence x = A + z, and z would need to equal Iv. However, for a £ H\J, 
one finds that — 16 < (z, a v ) < 18. Hence z cannot equal 29^ unless v = 0. 

I = 27: In this case, (-w ,j(w ■ 0),S V ) and (A,<5 V ) differ by two. Also E[> 0] = E[l] and E[< 
0] = E{— 1]. As in the type E&, I = 9 case, there are three ways we can express x in the form 
A — a + b + z. For a £ H\J one finds the bounds on (x, a v ) listed in Appendix IA. 21 In order to have 
x = —w . j(w ■ 0) + 27v, we must have (v, a v ) = 0. 

I = 25: In this case, (-w 0t j(w ■ 0),<5 V ) and (A,<5 V ) differ by four. Also E[> 0] = E[l] and E[< 0] = 
E[— 1], So there are five ways we can express x in the form A — a + b + z: 

(1) x — A — xi — X2 — X3 — X4 + z where xi £ E[l] (distinct), 

(2) x — A — x± — X2 — X3 + yi + z where X{ £ E(l) (distinct) and y± £ E[— 1], 

(3) x = A — X\ — Xi + y\ + 2/2 + z where xi £ E[l] (distinct) and yi £ E[— 1] (distinct), 
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(4) x = A — x\ + y\ + 2/2 + 2/3 + z where x\ £ £[1] and 2/i £ £[~1] (distinct), 

(5) a; = A + yi + j/2 + 2/3 + 2/4 + z where j/j e £[— 1] (distinct). 

For a € II\ J one finds the bounds on (x, a v ) listed in Appendix IA. 21 In order to have x = —wq : j{w ■ 
0) + 25^, we must have (v, a v ) =0. 

I = 23: In this case, (— Wo,j(w -0),<5 V ) = (A,(5 V ). Hence x = X + z. For a € II\J one finds the bounds 
on (x, a v ) listed in Appendix IA.2I In order to have x = — tt?o, j(w ■ 0) + 23z/, we must have (v, a v ) =0. 

I = 21: In this case, (-w ,j(w • 0),(5 V ) and (A,c5 v ) differ by four. Also E[> 0] = £[1] U E[2] and 
£[< 0] = E[— 1] U £[—2]. So there are fourteen ways we can express x in the form A — a + b + z. 
We leave the details to the interested reader. For a £ H\ J one finds the bounds on (x, a v ) listed in 
Appendix I A. 2 1 In order to have x = —Wo,j(w ■ 0) + 21^, we must have (v, a v ) = 0. 

I = 19: In this case, (— wqj(w -0),<5 V ) = (A,(5 V ). Hence x = A + z. For a £ H\J one finds the bounds 
on (x, a v ) listed in Appendix IA.2I In order to have x = —wq i j(w ■ 0) + 19^, we must have (v, a v ) = 0. 

I = 17: In this case, (—woj(w ■ 0), 5 V ) — (A, (5 V ). Hence x = A + z. For a £ H\J one finds the bounds 
on (x, a v ) listed in Appendix IA. 21 In order to have x = — wq i j(w ■ 0) + 17z/, we must have (p, a v ) = 0. 

I = 15: In this case, (-w 0>J (w ■ 0),5 V ) and (A,<5 V ) differ by eight. Also, E[> 0] = E[l] U E[2] U E[3] 
and E[< 0] = -E^— 1] U E\— 2] U E[— 3]. As a result, there are numerous ways we can express x in the 
form A — a + b + z. We leave the details to the interested reader. Further, for a £ n\ J, the bounds on 
(x,a v ) allow for the possibility that (y, a v ) ^ 0. By analyzing the constraints placed on a, b, and z 
(to afford a nonzero v), the resulting possibilities are all computed with MAGMA, and one finds that 
the only x that works is precisely —wq,j(w ■ 0), i.e., v = 0. 

Z = 13: In this case, (-w 0jJ (w ■ 0),c5 v ) and (A,<5 V ) differ by three. Also E[> 0] = E[l] U E[2] U £[3] 
and E[< 0] =B[-l]U£[-2]U£[-3]. As in the type £7, Z = 7 case, there are ten ways we can express 
x in the form A — a + 6 + z. For a € n\ J one finds the bounds on (x, a v ) listed in Appendix I A. 21 In 
order to have x = —wo t j(w ■ 0) + 13^, we must have (is, a v ) = 0. 

I = 11: In this case, (-w ,j{w ■ 0), <5 V ) and (A, £ v ) differ by two. Also £[> 0] = £[1] U E[2] U E[3] and 
E[< 0] = 1] U £'[—2] U £[—3]. As in the type £7, I — 9 case, there are five ways we can express x 
in the form A — a + b + z. For a £ H\ J one finds the bounds on (x, a v ) listed in Appendix IA.2I In 
order to have x = —Wa,j(w ■ 0) + 11^, we must have (v, a v ) = 0. 

I = 9: In this case, (-w ,j{w ■ 0),S V ) and (A, £ v ) differ by three. Also, £[> 0] = £[1] U £[2] U £[3] 
and £[< 0] = £[—1] U £[—2] U £[—3]. As in the type £7, I = 7 case, there are ten ways we can 
express x in the form A — a + b + z. For a £ H\ J, the bounds on (x, a v ) allow for the possibility 
that v 7^ 0. To reduce the number of possibilities that need to be checked, observe that there is 
a sizable difference between (A, a{) = 18 and (— Wo, j(w ■ 0),&i) — 8. Since (y, a() — 0, we must 
have (-a + b + z,a\) = -10. We find that (-a + b,a\) > -3 and (z,a() > -8. This reduces the 
possibilities to a number manageable for MAGMA to compute all the possible cases. The only x that 
works is precisely —wq^j(w ■ 0), i.e., v = 0. 

1 = 7: In this case, (—wo y j(w ■ 0), <5 V ) and (A, <5 V ) differ by 8 which is larger than 7. Here we may not 
immediately conclude that (v, a v ) = for all a £ J. However, since (v,a v ) > for all a £ J, this 
must be true for all but possibly one a for which one could have (v, a v ) = 1. 

Suppose the latter case holds. Then we would have (x,<5 v ) = 49 whereas (A,<5 V ) = 50. So there 
would be only two ways in which x could occur (x = A — x\ + z where x\ £ £[1] or x = A + y\ + z 
where 2/1 £ E[— 1]). Here U\J = {04} and one finds that —21 < (x,a%) < —19. On the other 
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hand, (—wo,j(w ■ O),^) = — 17. Since (y, a^) is an integer, these bounds show that we cannot have 
x = — wo,j(w ■ 0) + Iv for any v, contradicting our assumption. Therefore, (v, a v ) = for all a E J. 

Now, our standard argument can be used to show that (v, a%) — 0. Here E[> 0] = £'[1]US[2]U£'[3] 
and E[< 0] = E[-l] U E[-2] U E[-3]. Since (-w ,j(w ■ 0),c5 v ) and (A,<5 V ) differ by 8 there are 
numerous ways we can express x in the form A — a + b + z. One finds that —21 < (x,a() < —12. 
Since (— Wo,j(w ■ 0), a\) = —17, In order to have x — — Wo,j(w ■ 0) + 7v, we must have (v, a\) = 0. 

Type F A : 

I = 11: Here A = —wo,j(w-0). Hence x = A + z, and z would need to equal Iv. However, for a e n\J, 
one finds that —4 < (z,a v ) < 5. Hence, z cannot equal Ylv unless v = 0. 

I = 9: In this case, (-w ,j(w ■ 0),<5 V ) and (A,<5 V ) differ by two. Also E[> 0] = E[l] U E[2] and 
E[< 0] = E[— 1] U 2]. As in the type £7, Z = 9 case, there are five ways we can express x in the 
form A — a + b + z. For a e U\ J, the bounds on (x, a v ) allow for the possibility that (u, a v ) ^ 0. Using 
MAGMA, we compute all possibilities and see that the only x that works is precisely — wo t j(w ■ 0), 
i.e., v = 0. 

1 = 7: In this case, (-w ,j(w ■ 0), <5 V ) and (A, 6 V ) differ by one. Also, E[> 0] = E[l] U £[2] U E[3] and 
-E[< 0] = E[— 1] U -E[— 2] U £[—3]. If we express x in the form A — a + b + z, then a can contain terms 
only from E[l] and b can contain terms only from E[— 1]. As in the type i?6, Z = 5 case, there are 
two ways we can express x in the form A — a + b + z. For a e n\ J, the bounds on (x, a v ) allow for 
the possibility that (f, a y ) 7^ 0. Using MAGMA, we compute all possibilities and see that the only x 
that works is precisely — wo,j(w ■ 0), i.e., v = 0. 

Z = 5: Here A = — wo.j(w ■ 0). Hence, x = A + z, and z would need to equal Iv. Here H\ J = {02}, 
and one finds that < (z, a^) < 1. Hence z cannot equal 5^ unless v = 0. 

Type G 2 : 

Z = 5: Here A = — wq,j(w ■ 0). Hence x = A + z, and z would need to equal Iv. Here E[0] = 
{3ai + 2ct2 = vj-2\. Hence, the only non-empty option for z is z = n?2 which is not equal to 5f for 
any v. Hence, x = — Wo,j(w ■ 0), i.e., v = 0. 



CHAPTER 5 



The Cohomology Algebra H*(w^(g),C) 



The identification of H*(u^(g),C) for small I will proceed in several steps. The computation is 
motivated by the analogous problem for the restricted Lie algebra Qp over the algebraically closed 
held F of positive characteristic p. In that case, the support variety V gF (F) of the trivial module F 
is homeomorphic (as a topological space) to the the restricted nullcone N\{qf) = {% G Bf \ = 0}. 
By |CLNP) . the variety N\{qf) identifies with the closed subset G ■ uj C Qf : for an appropriate subset 
J C II. When p > h, J — and uj = u. 

To attack the computation of the cohomology of u^(fl), we consider the parabolic subgroup Pj 
associated to this subset J C II with w($q) — $^. = <&j. Then we proceed as follows: 

• In Section 5.1, the cohomology of u^(q) is shown to be related to that of uq(\)j). 

• In Section 5.2, the cohomology of u^(pj) is shown to be related to the cohomology of u^(uj). 

• Sections 5.3-5.4 present the key computation for H*(u^(uj), C). 

• Sections 5.5-5.7 complete the computation of H*(u^(g), C). 

Throughout this chapter, hx I satisfying Assumption 11.2.11 Fix w e W and J C II so that 

While the goal of this paper is to make cohomological computations in the case that / < h, the 
arguments are also valid for I > h. In that case, we would have $o = J = 0, and w = Id. Then 
Pj = B, Uj = U, L,, = T, p., = b, Uj = u, Ij = t, and the module M = (ind^^ w ■ 0)* = C. As 



such, our results recapture the calculation for I > h given by Ginzburg and Kumar in |GK| . 

5.1. Spectral sequences, I 

By Lemma f4. 1.11 w ■ is J-dominant, i.e., (w ■ 0, a v ) is a non-negative integer for all a £ J. Using 
the factorization 

md U<{3) -ind^ c(a) oind ac(pj) 

ma U ( (b) - ma U ( (pj) ° m % c (b) 

of functors, there is a Grothendieck spectral sequence 

(5.1.1) Et' j = RHnd^ .RHnd^^w • => R^md^w • 0. 

However, since w-0 is J-dominant, Ri'md^f /^^w-Q = for j > 0. Consequently, this spectral sequence 



collapses and so yields, by [A, Cor. 3.8], 

(5.1.2) ^4<£) (^4% )y} • °) = ffind 



u ^ lO if i^£(w). 



The following spectral sequence provides a connection between the cohomology of (jpj) and that 
of u ( (q). 

Theorem 5.1.1. Let w G W such that w(<&q) — $j where J C n. There exists a first quadrant 
spectral sequence of rational G-modules 

= RHnd% IF (u c ( Pj ),md^ b f w • o) =s> R l+ ^ w \u c ( 9 ),C). 
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Proof. We follow the construction in |Janl|, I 6.12]. Form the functors Ji, J2 : U^(pj)-mod — > 
G-mod defined by setting 

Ji(-) = Hom„ c(B) (c.ind^^HJ and F 2 {-) = ind^ ; Hom„ c(pj) (C, -) . 

The reader should observe that we are implicitly using the Frobenius map (cf. Section I2.3[) and the 
following identification of functors: 

The functors J-\ and T% are naturally isomorphic. Therefore, there exist two Grothendieck spectral 
sequences: 

ff (u c (q), RHnd% [^(md^fw ■ 0)) =* (R^^nd^w ■ 0); 
R*ind% IF (udpj),iml%$) w . 0)) (R^T^ind^w ■ 0) 

necessarily converging to the same abutment. 

By (15.1.21) . the first spectral sequence 'E\ 3 collapses, leading to an identification 

(R-+^^)(ind^fw ■ 0) - R'(u c ( 5 ),R e ^md^{l]w ■ 0) - H'(n f ( ),C). 

Combining this with the second spectral sequence E^ 3 proves the theorem. □ 

5.2. Spectral sequences, II 

In this section, we reidentify the term IF (u<^(pj), ind^^^ w ■ 0^ occurring in the spectral se- 
quence in Theorem 15.1.11 Using the Lyndon-Hochshild-Serre spectral sequence in Lemma 12.8.11 for 
u c( u j) ^ u c(Pj)- Note that u^(pj)/ /u^(uj) = u^(lj). Thus, there is a spectral sequence 

= K\u&j),W[ud*j)Andl§f w-0))=> E i+3 (u c (pj),md^f w ■ 0). 

All of the cohomology groups involved admit an action of U^(pj) induced from the Ad r -action. Fur- 
thermore, the action of the subalgebra uq(Pj) is trivial. Hence, there is an action of V(pj) (or 
equivalently Pj). Moreover, the spectral sequence preserves this action. 

Since ind^|^ w ■ is trivial as a [/<;(uj)-module, the left-hand side of the spectral sequence may 
be reidentified as follows: 

(5.2.1) = (u c (lj),W(u c (uj),C) ® ind£<{£> w 0) =* (u c (pj),md^[lf w ■ 0). 

Proposition 5.2.1. Let w € W and J C II be such that w(Qq) = ^ . Then for all j > there is an 
isomorphism of U(pj) -modules 



(u c (pj),ma*ffi w • 0) £ Uom U({lj) ((indgj^ u • 0)*,ff (« c (uj),C)) 



Proof. Since ind^ c |jj^ it; • is projective as a ([j)-module, in the spectral sequence (|5.2.1[) . 
E^ 3 — for all i > 0. Thus the spectral sequence collapses giving for all j > 

IP (u c (pj) 7 md^[lf w ■ 0) S* Hom„ c([j) (c,H> c (uj),C) ® ind£$j j) w • 

S Hom Uf ((indgj^ W ■ 0)*, H J 
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5.3. An identification theorem 

The following theorem now gives an identification as [/<?- modules (or equivalently U(f))-modules 
where f) C is the Cartan subalgebra) of the Hom-group appearing in Proposition 15.2. H 

Theorem 5.3.1. Let I be as in A ssunwtion 1 1 . 2. 1\ and w g W such that w{<&q) = $j . 

(a) Suppose that I \ n + 1 when $ is of type A n and I ^ 9 when $ is of type E§. Then as 



U® -modules 



Horn 



udlj) ((indg^ w ■ 0T,K s (u c ( Uj ), C)) = S^ 1 (u*j) 



[1] 



(b) // $ is of type A n with n + 1 = l(m + 1) and w £ W is as defined in J^.#. Id , then as 



U® -modules 



i-i 



Hom Uc([j) ((ind^^ 7) w ■ 0)*,R s ( U( (uj),C)) Si ^ s ^^±^l ( tt j)W 0in7t(m+1)i 



t=o 



where vjq = 0. 

(c) If $ is of type Eq and I = 9 ( assuming that w and J are as in Appendix \A. 1\) . then as 



U® -modules 



Horn 



U((lj) ((ind^V0^H> f (u;),C)) - S^ 1 (u}) [1] © (S^ (u}) [1] ® toi) 



s-20 



(u}) [1] ®ltJ7, 



PROOF. For convenience set A/ = (mdj^j^ w-0)* and £(-) = Hom u< ( [j )(M, -). Since the mod- 
ule M is injective (equivalently projective) as a u$ (Ij)-module, the functor Q{— ) = Hom„ { ([ J )(M, — ) 
is an exact functor. 

The argument will proceed by induction on successive quotients of U^(uj) (cf. [GK, 2.4]). Let 
N = |$ + \$j|. Note that previously N was used to denote |$ + |, but this should not cause any 
confusion here. As in Chapter 2, choose any fixed ordering of root vectors ft, fe, ■ ■ ■ , /jv in Uq( u j) 
corresponding to the positive roots in $ + \$^\ For purposes of this argument, the precise ordering 
is irrelevant. Each f\ is central in U^{uj). For < i < N, set Aj — U^(uj)// (/j, f 2 , . . . , f\) where 
(. . . ) denotes "the subalgebra generated by ..." (with A — U^{uj)). Note that An = u^(uj). For 
1 < i < N, set Bi — (/?) C Aj_i be the subalgebra generated by f\ . Note that each Bi is a polynomial 
algebra in one variable. Note also that Bi is normal (in fact central) in Aj_x, and Aj_i//-E?i = A,. For 
< i < N , let Vi be an i-dimensional vector space with basis {x±, x 2 , ■ ■ ■ , Xi}. Further consider Vt as 
a [/^-module by letting x^ have weight 74. That is, each Xi is "dual" to the element fi. In particular, 
V N u}. Here V = {0}. 

Consider first part (a). We prove inductively for < i < N that as [/^-modules we have 



£(IT(A,C)) Si 




e(w) 



The case i = N is precisely the statement of the theorem. For i = 0, this is precisely Theorem 14. 3. II 
where by convention we take S (Vq) = C. 

Assume now that the claim is true for i — 1, and we will show that it is true for i. We will make 
use of the LHS spectral sequence of Lemma \2. 8. II for Bi < Aj_i. Since Bi is a polynomial algebra in 
one variable, its cohomology is an exterior algebra in one variable. Precisely, for each i, we have as a 
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{/^-module: 



H b (B l; C) 




where C$ is a one-dimensional vector space with basis element Xi (i. e., of weight 7$). 
The spectral sequence is 

E a 2 ' b = R a (A l7 R b (B l7 C)) => H°+ b (A;-i,C)- 

The algebra Aj acts on Bi via the Ad- action. By Corollary 12.7.4( b). this action is trivial. Therefore 
this spectral sequence can be rewritten as 

E a 2 b = n a (A, C) ® H fc (B 4 , C) H° +b (A-i,C)- 

Alternately, this easily follows from the above description of H b (Bi, C). 

Again using the Ad-action, u^(lj) acts on all terms of the spectral sequence and this action is 
preserved by the differentials. Since the functor Q(—) is exact, we can apply it to the above spectral 
sequence and obtain a new spectral sequence. For convenience, we abusively use the same name: 

E a 2 b = G(R a (A, C) ® R b (Bi, o) g(H a+b (Ai-i,C)) . 

The above description of H b (i?i,C) shows that u^(lj) acts trivially on it. And hence, this spectral 
sequence may be rewritten as 

E a 2 b = g(K a (Ai,C)) ® H^-Bj.C) => 0(H a+6 (^_i,C)). 

Observe that E 2 b = for > 2. That is, the spectral sequence consists of at most two nonzero 
rows. So only the first differential c?2 : E 2 ,x — > E 2 +2 '° could potentially be nonzero. The first row 
E 2 '° = H a (A,C) is precisely what we are trying to identify inductively. Note also that for all a, the 
second row 

E a,l ^ E a,0 ^ c [l]_ In particular) £0,1 ^ o j f and Qnly ; f ^,0 Q 

By the inductive hypothesis, we know that the abutment 

10 else. 

In particular, g(B a+b (A i - 1 , C)) = for a + 6 < £(». 

Let A > be least value of a such that E 2 '° 7^ 0. Hence, ^4 is necessarily the least value of a 
such that E 2 A ^ 0. In particular, E^ 2 ' 1 = and hence ££>° S E 2 <°/d 2 (E 2 ~ 2 - 1 ) = E 2 '°. By the 
inductive hypothesis, we conclude that ^4 = £(«;). So for all a < £(«;) we have 

g(n a (A u c)) = o. 

Next we claim that £^ w ) +a >° = = E 2 (w)+aA for all odd a > 0. This can be seen inductively on 
a. For example, since ^w -1 ' 1 = 

^M+i.o = ^(»)+i.o /d2 (^(«»)-i.i) ^)+i,o c e? ( H ^)+ 1 (A i _ 1) C)) = 0. 

Inductively, for odd a > 0, we similarly have E2 a 2,1 = q and so 

E £(w)+a,0 = E Z( w )+a,0/ d ^ E t(w)+a-2,lj ^ E ^w)+ a ,0 c £( H^+^A-!, C)) = 0. 

In other words, for all odd a > 0, we have (as claimed) 

g(H £(u,)+a (A 4 ,C)) =0. 
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Summarizing: our spectral sequence has E^ h = for a < £(w) and ^( u, )+ a ' fc = q for all odd a > 0. 
That is, the columns are initially zero and then begin to alternate nonzero (potentially) and zero 
thereafter. 

Furthermore, for all even a > 0, we then have 

ker{d 2 : E e 2 {w)+a ^ -> E e 2 {w)+a+2 < } c E 1 ^^ 1 c Q{ U e{w)+a+1 (A^ u Q) = 0. 
Therefore : E ^ w "> +a < 1 _^ £rf(w)+o+2,o ^ g m j ec ti ve Hence, we have for all even a > 0, 

^(u>)+a,0 1 ■^i(w)+a-2,l ^ ^<(tu)+a,0 /^ 2 (^( tt, )+°~ 2 > 1 ) ~ ^(io)+a,0 

* g(H <(u ') +a (A i _i J C)) = S a/2 (Fi_i) [1] . 
So we have a short exact sequence of [/^-modules: 

o -> ^(-)+«- 2 ' 1 _> ^(-)+«.o _> s^v^m o. 

But identifying these ^-terms gives 

-> 0( H f(u ' )+Q - 2 (A l , C)) <8> C| 1] -> 0(H'M +a (A, C)) -> S a/2 (^_i) [1] -> 0. 
Inducting now on even a > 0, we may assume that 

g(H^ +a - 2 (A 4 ,q) = s(«- 2 >/ 2 (K)M 

The short exact sequence becomes 

-> 5 (Q - 2)/2 (T^) [11 ® Cf 1 -> £?( H^ )+a (A 4 , C)) -> 5 a/2 (^_i) [1] -> 
or setting a = 2r, 

0^5 r - 1 (K)W®cf ] ^g(H^ )+2r (A i! C)) -> S r (V 4 _i) [11 -> 0. 
Hence as a [/^-module, 

The left hand factor consists of r-fold symmetric powers in the Xj which contain at least one Xi , while 
the righthand factor consists of r-fold symmetric powers in Xj with 1 < j ' < i — 1. Hence 

which along with the above conclusions verifies the inductive claim and hence part (a) of the theorem. 

For parts (b) and (c) a similar argument can be used whose details are left to the interested 
reader. Of crucial importance here is the degrees in which the "extra" classes arise in parts (b) 
and (c) of Theorem 14.3.11 For example, consider part (b). We have C/(H 4 (£/<;(uj),C)) = unless 
i = £( w ) + (to + l)t(l - t) for < t < I - 1. Observe that t(l - t) (and, hence, (to + l)t(l - t)) 
is necessarily even. Thus the extra cohomology classes appear in degrees having the same parity as 
£{w). As such, in the above argument, we will have a similar phenomenon happening in the spectral 
sequence: E^' = for a < £(w) or a = £(w) + a' with a' > being odd, and the analogous argument 
will give the claim. Similarly in part (c), the extra cohomology classes lie in a degree with the same 
parity as £(w). 

□ 
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5.4. Spectral sequences, III 

As mentioned previously, the Horn-groups in Theorem 15.3.11 admit an action of U(pj) induced 
from the Ad r -action. On the other hand U(pj) acts naturally on uj by the adjoint action or on u} 
by the coadjoint action. This can be further extended to an action on S'(u*j). With this action, the 
isomorphisms in Theorem 15.3.11 also hold as U(pj)-modules (or equivalently Pj-modules). 

Lemma 5.4.1. The isomorphisms of Theorem \ 5.3.1\ also hold as U(pj) -modules where the actions 
are as described above. 

PROOF. Consider first the generic case - part (a). We use notation as in the proof of Theorem 
15.3.11 Let Zj = (/{,..., f l N ) C Uq(uj) be the central subalgebra such that U^(uj)/ /Zj = uq(uj) (cf. 
also Section |2~7|) . Consider the spectral sequence 

E% b = U a (u c (uj),U b (Zj,C)) => H a+b (W c (u. 7 ),C) 

given by Lemma T2.8. II This is a spectral sequence of C/j (pj)-modules. Since u^(pj) acts trivially on 
K b (Zj,C) (cf. Corollary ETT4T b)). this may be rewritten as 

Ef =H Q (u c (uj),C)®H b (Z, 7 ,C)) ^H a+b (W c (u, 7 ),C). 

Furthermore, applying the functor Q(— ) we get a new spectral sequence (using the same name) 

E a 2 b = g(R a (u c (uj),C)) ® R b (Zj,C) g(H a+b (W c (u 7 ),C)), 

whose differentials still preserve the action of U^(pj). Since m^(uj) acts trivially on both H*(ttf (llj), C) 
and H*(W c (uj),C), and u c (lj) = u c {pj)//u c (uj), we have 

0(H> c M,C)) = Hom Uc(Ij) (M,H*KM,C)) Hom„ c(pj) (M,H'( Wc (u J ),C)) 

and 

g{R'(U c (u,j),C)) = Hom Uc([j) (M,H'(W c (u, 7 ),C)) S Hom u<(pj) (M, H'(W c (uj), C)). 

Therefore, w^(pj) acts trivially on this new spectral sequence, and so this is a spectral sequence of 
U(pj)-modules. 

By Theorem 14 .3. 11 the abutment is nonzero only when a + b = £(w) in which case it is the trivial 
module C. And by Theorem EX]] as U(f))-modules, we know that Q{ H q (m c (uj), C)) ~ S^^tt^ (u}). 
Also, the algebra Zj is a polynomial algebra and so its cohomology as an algebra is an exterior 
algebra. Moreover, by [ABU| Cor. 2.9.6], as U(b)-modules, R'{Zj,C) = A'(uj) (i.e., the ordinary 
exterior algebra on u}), where the action of U(b) on A , (u H }) is given by the coadjoint action. Since 
H"(Zj, C) is a U(pj)-module and the coadjoint action on A*(u}) can be extended to pj, by applying 

ind^ } j) (-), H - (Zj,C) = A>* 7 ) as pj-modules. 

As in Theorem 15.3. 1[ E 2 b — for a < £(w) and jjj^ w '> +a ' b — q f or oc [d a Consider the term 

E i (w)+ 2,0 = g (H ^)+2 (uc(uj)jC)) s 5 l (u .) = u}) 

where the latter identifications are as U(f))-modules. We will see this also holds as U(p j)-modules. 
Since Aoo =0 and Aoo =0, the differential a2 : E 2 — > E 2 ' is an isomorphism ol 

U(pj)-modules. 

Since Ei iw)A = R\Zj,C) = u} as a U(pj)-module and E% w)+2fi = Q{ H f(w)+2 (u c (uj), C)) = u} 
as a U(f))-module, this latter identification must also hold as a U(p j)-module. 
As already noted, the U(pj)-structure of the terms 

E e 2 ( - w) ' b = -R b (Z J ,C) = A"(u}) 
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is determined by the coadjoint action. Moreover, we can now say that the U(pj)-structure of the 
terms 

E t( w )+2,b = g( H ^)+ 2 ( U( .(u J ),C)) ® R b (Zj,C) S u}® A 6 (u}) 
is determined by the coadjoint action. Therefore, since EH w)+4 ' = 0, the U(p,/)-structure of 

E e( w )+4,o = £( H ^)+ 4 ( WC ( UJ ),C)) S S 2 (u}) 

(with isomorphism as a U(f))-module), which is determined by the structure on E^ w ^' b and E^ w ^ +2 ' b , 
must also be determined by the coadjoint action. Inductively, we conclude that indeed the TU(p,/)- 
action on 

S(H> C ( UJ ),C))-S^(u* 7 ) 

is given by the coadjoint action. 

For parts (b) and (c), a similar argument may be used. The key here (as in Theorem l5.3.1l) is that 
the additional classes in Q( FT(uj, C)J lie in degrees which have the same parity as £(w). Furthermore, 
the additional classes have distinct (nonzero) weights whose differences are neither sums of positive 
root nor sums of negative roots as noted in Remark 14.3.21 □ 

5.5. Proof of main result, Theorem 1.2.3, I 

In this section, we present a proof of the isomorphisms in Theorem 11.2.31 as G-modules. Let us 
recall the following vanishing result due to Broer |Br2[ Thm. 2.2] and extended to a more general 
setting by Sommers [Soil Prop. 4]. Let J be an arbitrary subset of II. Then 

(5.5.1) R i md%S'(u*j)®X = Q 

for i > and A is a P-regular weights [KLT1 Section 1.1] inside the character group X(Pj). This 
vanishing result is proved using the Grauert-Riemenschneider theorem. We can now prove the first 
of our main theorems which provides a precise description of the cohomology of quantum groups at 
roots of unity in the case that C, is a primitive lih root of unity. 

PROOF. Consider the cases listed in (b)(i). According to Proposition 15.2.11 Theorem 15.3. lf a). 
and Lcmma r5.4.1[ we have, as U(pj)-modules, 

W(u ( (pj),ind^ w 0) S (u}). 

By substituting this identification into the spectral sequence given in Theorem 15. 1.1[ we have 

Etf = i?Mnd« S^(u*j) H^-«»>(u c ( fl ),C). 

We can now apply (|5.5.1[) to conclude that Elf = for i > 0, thus the spectral sequence collapses to 
yield 

K s (u c (g),C) = md%SHu*j). 

This gives part (a) for those types listed in (b)(i). According to Theorem 13.6.21 indp S"(uj) = 
C[G ■ u./] ^ C[JV($q)], which gives part (b)(i). 

Consider now the cases listed in part (b) (ii) . In this case we have the following spectral sequence 
(using Proposition 15 .2 . 11 Theorem 15.3. 1T b) . and Lemma T5.4. II) . 
z-i 

t=0 

One can again apply (|5.5.1j) because we are tensoring the symmetric algebra by weights in X(Pj)+, 
thus the spectral sequence collapses and yields part (ii) of (a) and (b). One can argue similarly for 
those cases listed in part (b)(iii) using Theorem 15. 3. If c). In that case £(w) =8. □ 
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5.6. Spectral sequences, IV 

To show the isomorphisms in Theorem 11.2.31 are . in fact, isomorphisms of algebras, we will need 
some further observations on one of the spectral sequences introduced earlier. These observations will 
also be used in Section 6.3. 

In Section l2~9l a filtration was introduced on U^(\\j) which can be restricted to u^(uj). Since 
uq(uj) is finite dimensional, the induced filtration on the cobar complex computing the cohomology 
H*(m^(uj),C) is finite. As in the proof of part (b) of Proposition 12.9.1"! there is a spectral sequence 
as follows. 

Lemma 5.6.1. There is a spectral sequence 

E{' j = W+i(gru c (uj),C) {l) =► H i+j (u c (uj),C) 
of graded algebras and U® -modules. 

Since the filtration on u^(uj) is finite, this spectral sequence has only finitely many columns, and 
hence eventually stops. 

Globally, we have E*'° = H*(gru^(uj), C). By |GK1 Prop. 2.3.1], there exists a graded algebra 
isomorphism 

(5.6.1) H-(gr Uc (u J ),C)-5'(u})W®A^ J . 

This is also an isomorphism of {/^-modules with m° acting trivially on the symmetric algebra. More- 
over, under the isomorphism (|5.6.1[) , 

(5.6.2) H»(gr Wc ( Uj ),C)- S a (u}p A^. 

2a+b— n 

By the isomorphism (15.6.11) . E*'* is finitely generated over a subalgebra which is isomorphic (as 
algebras and {/^-modules) to S"(u})W. For notational convenience, we abusively consider S"(u})W 
as a subalgebra of E\' m . Under mild conditions on I, this subalgebra consists of universal cycles. 

Proposition 5.6.2. Let I satisfy Assumption ] 1.272] and J C n. In the spectral sequence of Lemma 
fXOl <k(SVu* )W) = for r > 1. 

Proof. We first consider the case when r = 1. From (|5.6.2j) . the submodule S' 1 (u})[ 1 l is identified 
with a submodule of H 2 (grw^(uj), C). As such, the image of S' 1 (u})[ 1 l under d\ must lie in 

H 3 (gr Mc ( Uj ), C) - (SVj) 111 ® Aj fJ ) © AIj. 

A [/^-homogeneous element x a of S ,1 (u})' 1 l has weight la for some a € Hence, by weight 

considerations, if the image of x a is not zero, it cannot lie in S ,1 (u})I 1 l (g> Aj j. On the other hand, for 
x a to have nonzero image in A^ k , we must have la = 71 + 72 + 73 for three distinct (positive) roots 
ji € $ + \<i ) j . Under the given conditions on I, this is not possible. To see this, we argue by the type 
of $. 

For any weight 77 which lies in the positive root lattice, we can write i] = X^en n v-Pft f° r unique 
n, h p € Z> . Set 7 :— 71 + 72 + 73 for ji as above. For type A 2 there is only one element in Aj2 k and it 
is not of the form la. If the root system is not of of type A 2 the index of the root lattice in the weight 
lattice is not divisible by 3. Therefore, in order to have 7 = la, I must divide n lt p for each j3 S n. 

In type A n , for each 7, and f3 Gil, we have n lu p < 1. Hence, n 7i /3 < 3, and the claim immediately 
follows for I > 3. For I = 3, we could only have 3a — 7 if 71 = 72 = 73 which contradicts our 
assumption. 

For types B n , C n , and D n , n^jj < 6. Hence, the claim follows if I > 7. Suppose I — 5 and 
riy,p = 5 for some /J 6 II. Without a loss of generality we may assume that n 7lj ^ = 2, n l2 jj = 2, 
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and n 73iJ g = 1. Observe that there is necessarily some /3' £ II such that n lu p> = 1, n l2 ,p> = 1, and 
iT"y 3 ,0' G {0, 1}- Thus n-y^pi £ {2, 3} and so cannot be divisible by 5. In types B n and C n when I = 3, 
the condition can be satisfied (e.g., in type B2, oei + (oei + 012) + ip-i + 20:2) = 3(ai + o^))- 

On the other hand, in type D n , the condition is still not possible when I = 3. To see this, suppose 
on the contrary that 3<r = 71 + 72 + 73 = 7. If ^ 7i)/ g < 1 for each 7, and all j3 £ II, then we are done 
as in type A n . Suppose now that n 7lj( 3 = 2 for some ft £ II. If 77 is a positive root with n^/j = 2, then 
(in the standard Bourbaki ordering) 

rj = on H + aj + 2oj+i + • • • + 2a n _ 2 + a n -i + ot n 

for some j > i. Hence, we have Tij ljCtn _ 2 = 2, n 7l)Qn _ 1 = 1 and « 7ljQ „ = 1. In order to have 
«7,a„_i = 3 = Ji 7 , a „) we must also have «. 72 ,q„_ 1 = "- 72 ,a„ — n 7 3 ,a„-i = n 73.a„ = !• To have 
"- 7 ,a„_2 divisible by 3, there are two cases to consider: either n 12 an 2 — 1 and n^ 3tCCn _ 2 — or 
n 72,a n -2 = 2 = n- 73 ,Q„_2- However, there are no such roots 73 satisfying n 13 , an _ 2 = 0, n 13 an l = 1, 
and n 73jQll = 1. So the first case is not possible. 

Suppose the latter case holds. Then for each i, n luan _ 3 £ {1, 2}. If these numbers are not all 2 or 
all 1, then we are done. If each n 7iiQ . n _ 3 = 2, inductively computing n li ^ for f3 = a m with m < n — 3 
either we are done or we come to the case that n 7ii( g = 1 for each i. Continuing from that case, since 
the 7j are distinct, there is some /3' = a m > with m! < m such that n jl ^i = 1, u 72!l g/ G {0, 1}, and 
n ~t3,P' = 0- Hence, n. 7j £/ is not divisible by 3, and we are done. 

For the exceptional types, one can check "by hand" , using for example MAGMA, that the root 
condition la = 71 + 72 + 73 cannot hold for / > 3. Hence, under our assumptions on I, we must have 
c?i(S' 1 (u})[ 1 l) = 0. Since the differentials in the spectral sequence are derivations with respect to the 
cup product, it follows that di(5"(u}) [11 ) = 0. 

Now we can recursively apply this argument to show that ^(^"(u})' 1 !) = for r > 1. First 
observe that ci r (S' 1 (u})[ 1 l) is always a subquotient of 

H 3 (gr Wc (u J ),C)-(5 1 (ur / )[ 1 ]®Ai !j )©A3 J . 

This means that the aforementioned weight arguments can be applied. Secondly, the result after 
taking kernels modulo images of S' , (uj)[ 1 l in E r is always generated in degree one, so we can use the 
fact that the differentials are derivations to conclude that d r (S* (u* 7 )W) =0. □ 

We now prove that the cohomology ring contains a subalgebra isomorphic to S'(Uj)^ by using 
our prior calculations in Section @] 

Proposition 5.6.3. Let I satisfy Assumvtion \1.2J2\ and J CH be as in Section \4-. 1\ There exists a 
subring isomorphic to S := S*(uj)^ contained in R :— H*(uf (uj),C) such that R is finitely generated 
over S. 

Proof. According to Proposition l5.6.2l d r (S) = in the spectral sequence of Lemma l5.6.1l After 
taking kernels modulo images of S of the differentials d r one obtains a quotient S' of S. Note that S' 
is a subring of R such that R is finitely generated over S'. Set M := (ind^jj^w • 0)* as in Section l4.ll 
Consider the two spectral sequences: 

E{' j = ff+^gr^u.AQw => H^( MC ( UJ ),C), 

Ei' j = Hom Uc([j) (M,H^(gru c (u, 7 ),C) (l) ) ^ Rom U({lj) (M,R^ (u c (u,j),C)). 

Observe that S = S"(u})W C Hom u< ( Uj )(C,H*(grttf(uj),C)). In the case when J C n is as in 
Section |4~T| the second spectral sequence collapses and we have 

N := Hom„ c([j) (M,H'(gr Uc (u, 7 ),C)) S Hom„ <(Ij) (M, R'(u c (uj), C)). 

which is a finitely generated S'-module. 
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A description of N is given in Theorem l5.3.1l and the action of S on iV is given by left multiplica- 
tion on the components involving the symmetric powers of u} in N. Now R is finitely generated over 
S' and S' is contained in Hom tlc ( [j - ) (C, R) so S' will act on Honx uc ([ J )(M, R). Moreover N is a S'- 
summand of R because of the projectivity of M, thus N is a finitely generated <S"-module. Therefore, 
the (Krull) dimension of S' is greater than or equal to the dimension of S. Since S is a polynomial 
ring and S' its quotient, we can conclude that none of the differentials in the spectral sequence could 
have non-zero image in S, thus S = S' . □ 

5.7. Proof of the main result, Theorem 1.2.3, II 

We will now prove that the isomorphisms in Theorem 11.2.31 are algebra isomorphisms for those 
cases listed in part (b)(i). Let J C II and consider the spectral sequence 

E? = ^ind^rP K(PJ),C) H i+J ( Uc ( ),C). 

The (vertical) edge homomorphism is a map of algebras 

0:H> c ( fl ),C)^i#', 

where E°'* = md.%11' (u c (p j), C). The map of algebras is induced by the restriction map H* (it£ (q) , C) — > 
H"(u C (pj),C). 

Next consider the Lyndon-Hochschild-Serre spectral sequence: 

= W(u c (lj),W(u c (uj),C)) => H* +j '(«c(|>j),C). 

We also have the vertical edge homomorphism 5 : H* (uq(Pj), C) — > Hom u ([ 7 ) (C, H"(uf(uj), C)). 
Applying the induction functor to this map and composing with <j> yields an algebra homomorphism 

V : H'(u c (fl),C) -> ind^Hom^f^CCH'^M.C)). 
Set i? = H"(m^(uj), C). From Proposition 15.6.31 there exists a subalgebra of universal cycles 
isomorphic to S"/ 2 (uj)W in R such that R is finitely generated over the subalgebra. This subalgebra 
can be identified as coming from Ei-term in the spectral sequence in Lemma 15.6.11 There is an ideal 
/' such that El'* /I' = £*/ 2 (uj)M. Therefore, there exists an ideal / (equivariant under Pj) such that 

R/I = S ,/2 (u*j) [1] . 
Consequently, there is an algebra homomorphism: 

tt:H> c ( fl ),C)^indg,S'/ 2 (i$). 
Next we observe that our constructions are compatible with the other spectral sequences used in 
Sections 15.11 and 15.21 In the process of our work, we proved that there is a G-module isomorphism 

a : H— ,(w) («c(fl).C) -> md%S^- l{w))/2 (u*j). 
Set M = H— l(w) (u c (g), C). Viewing M as a module over H'(w c (g), C) and ind^— i ( w ))/ 2 (u}) as 
a indp 7 5"/ 2 (u})-module, this isomorphism is compatible with ^ in the sense that u{x.y) = ^(x)<r(y) 
where x 6 H*(u^(g),C) and y £ M. Now suppose that = for some x £ H*(uf(g), C). Then 

cr(x.y) = for all y G M. Set y = id g H°(u^(g), C), so i = because a is an isomorphism. This 
shows that ^ is injective. By comparing dimensions, VP must be surjective, and hence an isomorphism 
of algebras. 



CHAPTER 6 



Finite Generation 

This section provides a proof of Theorem 11.2.41 in Section [TT21 As pointed out in Chapter 1, it 
can also be found in [MPSW] . in a more general context. Our result depends heavily on the explicit 
calculations of the cohomology that we achieved in Chapter 5. 

6.1. A finite generation result 

Let G be the complex semisimple, simply connected algebraic group with root system $. Maintain 
the notation of §2.3. 

Let JCII, and let D be a Pj-S* (u})-module. This means that D is a rational Pj-module and a 
module for S'(u*j) such that, if g € Pj, a g S"(u}), and x € D, then g ■ (ax) = (g ■ a)(g ■ x), where we 
use the natural conjugation action of Pj on S m (u*j). 

Let A := indp^ S"(u}) = C[G x Pj Uj] be the algebra of regular functions on the cotangent bundle 
G x Pj Uj as discussed in §3.6. Let O denote the corresponding nilpotent orbit such that G ■ u.j = O 
(which was denoted Cj in §3.1.1J . If the moment map /i : G x Pj u.j —> G ■ Uj is a resolution of 
singularities, then Lemma [3.6.11 gives that 

C[G x Pj u, 7 ] SC[0]. 

Of course, C[0] C C[0] and, by Uan31 Prop. 8.3], the algebra C[0] is the integral closure of C[0] in 
its field of fractions. Since C[0] — C[G ■ Uj] is a finitely generated C-algebra, C[0] = C[G x Pj uj] is 
also a finitely generated C-algebra by [ZS, Chapter V, Thm. 9] (which, in fact, plays an essential role 
in the proof of |Jan2[ Prop. 8.3]). 

We now state a basic result on how finite generation is related to the induction functor which will 
play an important role in the discussion that follows. 

Proposition 6.1.1. Let J C II and D be a Pj-S'(uj) -module which is a finitely generated S"(u* 7 )- 
module. If A := indp S"(u}) is a finitely generated C-algebra, then R n indp D is a finitely generated 
A-module for n > 0. 

Proof. By assumption, A := indp S'(xij) is a Noetherian C-algebra. Let Ga and [Pj)a denote 
the group schemes obtained by extending scalars from C to A. Furthermore, let Da '■= D <Eic A 
denote the corresponding Pj-module extended to a (Pj^-module. Since G/Pj is projective over C, 
G a /(P.j)a = {G/Pj)a is projective over A. Therefore, by panTl Prop. 1.5.12(c)], fl"ind(pV D A is 
finitely generated over A. To complete the proof, we show that R n md < f j D = i^ind/^S Da, and 
we do so with the aid of sheaf cohomology. 

Let X = G x p ' uj and Y = G/Pj. Let Y A := Y x c Spec A. Because A = T(X,O x ) (the space 
of global sections of the sheaf Ox), there is a natural morphism 02 : X — >• Spec A = G ■ uj. There is 
also the projection morphism o\ : X — > Y which can be viewed as the cotangent bundle of X. Let 
/ = a 1 x (72 : X — > Ya be the pull-back morphism. 

The finitely generated S ,, (u})-module D defines a coherent Ojf-module F = Fry on A. To see 
this, just observe that if V is an open subvariety of G of the form U x Pj (which exists by the 
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Bruhat decomposition), then X contains an open affine subvariety V := V x Pj uj = U x uj. Then 
T(V, F) = C[U] ® D, which is certainly a finitely generated T(V, Ox) = C[U] <g> S"(u})-module. 

The morphism / is an affine morphism, and it is easily verified that the direct image sheaf f*F is 
a coherent Oy^-module. 

Thus, H n (X,F) = H™(Yai f*F) H n {Y,a u F) (see [HI3 Ex. 4.1, p. 222]). We also use here 
the fact that the projection Ya — > Y is affine. By construction, H n (Y 1 a\*F) = R n md Pj D and 
H n {Y Al f*F) S R n mdf£ u D A (cf. [JanTl Prop. 1.5.12(a)]). Hence R n indp, D S i?" ind^ u D A as 
needed. 

□ 

6.2. Proof of part (a) of Theorem 1.2.4 

Throughout the remainder of Section 6, we will be working under Assumption 11.2.21 Thus, 
Assumption 1 1 . 2 . ll is in force, and, if $ has type B n or C n , then I > 3. First, we deal with the cases in 
which I \ n + 1 when 4> is of type A n , I ^ 9 when <E> is of type Eq, and I ^ 7,9 when <I> is of type Eg. 
In these cases, Theorem 1 1 . 2 . 31 states that the cohomology ring H*(u^(g),C) is the coordinate algebra 
of the affine variety JV($o). It is therefore a finitely generated C-algebra. 

Next, if I = 7, 9 when $ is of type E%, then Theorem 11.2.31 states that 

H'(n c ( ),C) S ind£, S>}) £* C[G x p ' uj]. 

In addition, Theorem 13.6.21 savs that n : G X J Uj — > G ■ uj is a desingularization of G ■ uj. The 
discussion above Proposition ^ . 1 . ll in the previous subsection thus implies that H* (u^ (g), C) is a finitely 
generated C-algebra. 

In order to handle the other cases (i.e., I \ n+1 when $ is of type A n , or I — 9 when $ is of type Eq), 
we need to invoke a more general argument. Set A = indp 7 »S"(u}). In each case, Theorem ll.2.3l implies 
that H*(tif (0), C) has the form indp 7 D, where D is a Pj-S f, (u})-module which is a finitely generated 
S"(u})-module. Consequently, by Proposition 16.1.1] indp 7 D is a finitely generated A-module. The 
action of A on H'(u^(q), C) is by way of the spectral sequence: 

= R l ind%W(u c (pj),C) =*- ff+> c ( ),C) 

where A is identified as a subring of universal cycles in the bottom of the filtration for the cohomology 
(cf. Section l5~7|) . Hence, H*(u^(g),C) is finitely generated over A, and thus a finitely generated 
C-algebra by the Hilbert Basis Theorem. 

6.3. Proof of part (b) of Theorem 1.2.4 

We now prove part (b) of Theorem 1 1.2. 41 Let M be a finite dimensional u^(g)-module. Without 
a loss of generality, we may assume that M is an irreducible uq (fj)-module because of the following 
proposition which is easily proved by using induction on the composition length of the module and 
the long exact sequence in cohomology. 

Proposition 6.3.1. Let R := H* (11^(0), C) and M be a finite dimensional u^(q) -module. Suppose 
that H*(ti^ (g), S) is finitely generated over R for all irreducible u^(g) -modules S . Then H*(w^(rj), M) 
is finitely generated over R. 

Let S be an irreducible u^(g)-module. Since S lifts to a J7^(0)-module, there exists a spectral 
sequence of R = indp 7 S"(u})-modules (obtained in a manner analogous to that of Theorem 15. 1 . 1[) : 

= E*md% R j (u c (Pj), indgjf™ • ® S) => U t+ ^ w \u c (g), S). 
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Using this spectral sequence, it suffices to show that D := H*(u^(pj), ind^^ w ■ <g> S) is finitely 

generated over S^u})' 1 ' because then E^'' is finitely generated over R for each i by Proposition ^. l.ll 
Moreover, this spectral sequence stops (i.e., E r — for r sufficiently large) because the higher right 
derived functors i? l indp ; — vanish when i > dimG/Pj. Thus Eoo is finitely generated over i?, and 
H*(itj (fl), S) is finitely generated over R. 

To show that D is finitely generated over S"(u* 7 )W, observe that one can use the LHS spectral 
sequence (Lemma 12.8.1)1 to show that 

D - Hom Mc([j) ((ind^[P; ) W • 0)*, E'(u c (uj), S)). 

By the same principles as used in the proposition above, it suffices to show finite generation when 
S is an irreducible u^(pj)-module. Note that irreducible w^(pj)-modules are obtained by inflating 
irreducible tt^(Ij)-modules, so u^(uj) acts trivially on S. Now we have 

D Si Hom„ c([j) ((mdg^ ) /) W • 0)* ® S*,H> c (uj), C)). 

But, (ind^Mj^ii) • 0)* ® S* is a projective u^([j)-module. Thus we need to show that Dp := 

Hom u? ([ J )(P, H*(u^(uj), C)) is finitely generated over S"(u})W where P is an arbitrary projective 
indecomposable (Ij)-module. Observe that H , (it^(uj), C) = ©pDp where the sum is taken over all 
projective indecomposable M^([j)-modules. The claim now follows from Proposition 15.6.51 which says 
that W(uq(uj),C) is a finitely generated S'(xij) ^'-module. 



CHAPTER 7 



Comparison with Positive Characteristic 

In this chapter, we consider the extent to which the methods used in computing H*(it£,C) can 
be adapted to the calculation of the cohomology algebra of the restricted enveloping algebra of a 
reductive algebraic group over a field of positive characteristic. 



7.1. The setting 

Let F be an algebraically closed field of positive characteristic p. In this chapter (and contrary to 
previous notation) G denotes a connected, simple, simply connected algebraic group defined over the 
prime field F p Q Fix a maximal torus T, and let $ be the root system of T acting on the Lie algebra 
Qf of G. As usual, fix a set II of simple roots. The standard notational conventions for the complex 
Lie algebra in earlier chapters apply equally in the present case. However, the Lie algebra Qp has 
an extra structure provided by a "restriction map" x i— > we let u — u(qf) be the corresponding 
restricted enveloping algebra. Thus, u is a finite dimensional (cocommutative) Hopf algebra. 

Let Fr : G — > G be the Frobenius morphism and let Gi be its scheme-theoretic kernel. It is well- 
known that the category of rational Gi-modules is equivalent to the category of restricted g^-modules 
(i.e., to the category of u- modules). For this and historical reasons, we will state the results below in 
terms of the infinitesimal group scheme G\, though the reader can replace each G\ by u if desired. 

For a rational G-module M, let AfW denote the rational G-module obtained by making g G G act 
on M through Fr(g). In particular, G\ (or Qp) acts trivially on MW. Conversely, if N is a rational 
G-module on which G\ (or Qp) acts trivially, there exists a rational G-module M, uniquely defined 
up to isomorphism, such that = N. In this case, we can simply write M — N^ 1 ^. 

As usual, let Af = AT(qf) C gr be the nullcone of Qp , the closed subvariety consisting of nilpotent 
elements (equivalently the closure of the Richardson class of regular nilpotent elements) . The restricted 
nullcone Afi = Afi(gp) is the closed subvariety of Af consisting of those x € Af satisfying x^ = 0. It is 
an irreducible variety which can be explicitly described as the closure of a specific Richardson orbit; 
see [CLNP] and |UGA2) . In particular, Af\ = Af if and only if p > h, where h is the Coxeter number 
of G (i. e., the maximum of the Coxeter numbers of the various simple components of the derived 
subgroup G' of G). 

When p > h, it is known that H'(Gi,F) — H 2 "(Gi,F) is isomorphic as a rational G-algebra to 
F[Af] (1) . This result was first proved by Friedlander-Parshall |FP2] for p > 3(h — 1), and then the 
bound was improved to p > h by Andersen and Jantzen [AJ by different methods. Also, |AJ) provided 
some ad hoc calculations of Gi-cohomology in the cases when p < h. We will demonstrate how these 
calculations fit into our general framework. As noted in the introduction (with references), it has been 
shown that Spec H 2, (Gi, F) is homeomorphic (as a topological space) to Af\. 



The results in this chapter can be extended to general reductive groups. We leave this issue to the interested 
reader. 
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7.2. Assumptions 

For Jell, we formulate two assumptions. The first assumption involves Grauert-Riemenschneider 
vanishing which is known to hold in the cases when $j = or $j is of type A\ (in positive charac- 
teristic). In positive characteristic it has also been verified in a few other special cases which will be 
discussed in Section 7.4 below. 

(Af) Wind^S'iuj*) = for i > 0. 

This condition can be reformulated in the following fashion: 

(Al)' R^mdpjS'iuj*) ® A = for i > and A E X(Pj)+. (Here Pj is the parabolic subgroup of G 
with Lie algebra pj and X(Pj) + — X(Pj) n X + , the set of dominant weights on T which extend to 
define characters on Pj.) 

The second assumption on J is a condition on the normality of the closure of the Richardson orbit 
defined by J: 

(A2) The Richardson orbit closure G ■ uj is normal. 

In the calculation of H*(tt£, C), assumption (Al) held generally and assumption (A2) held for 
the relevant subsets J C II. However, in the positive characteristic case of this chapter, much less is 
known about the validity of (Al) and (A2). The situation for (A2) is as follows: 

(1) In type A, all orbits are Richardson orbits, and all orbit closures are normal (Donkin [D]). 

(2) Assume that J = {a}, a E H, consists of a single root. Then G ■ uj is the closure of the 
so-called subregular class C su b rC g in A/". (It is independent of the choice of simple root a |Huml[ Thm. 
5.7].) Then G ■ Uj = S ubrcg is normal (Kumar, Lauritzen, and Thomsen |KLT| ). 

(3) Generalizing (2) in some sense, assume that J C II consists of pairwise orthogonal short simple 
roots, the corresponding Richardson orbit closure G ■ uj is normal (Thomsen |Th| Prop. 7]). 

(4) Finally, Christophersen [C] has recently determined the nilpotent orbits for type Eq with p > 5 
which have normal orbit closure. See below for more specific information. 



7.3. Consequences 

Using assumptions (Al) and (A2), we can determine when the cohomology algebra H'(Gi,F) 
identifies with the coordinate algebra F[Afi] of the restricted nullcone. In the present case, the proof 
is simpler than that used in the calculation of H*(it£,C) due, in part, to the fact that the exterior 
algebra A*(u}) has a natural structure as a Pj-module, whereas the quantized exterior algebra A" j 
does not (apparently) admit a natural structure as a U$ (pj)-module. 

Theorem 7.3.1. Let G be a connected, simple, simply connected algebraic group over an algebraically 
closed field F of positive characteristic p as above. Assume that p > 3, and thatp is a very good prime 
for G. Let w E W such that w(&q ) = $j. Then the following statements hold. 

(a) IfJC.Il satisfies (Al), then 

(i) H^.FjC-Dsind^S'to); 

(ii) R 2 '+ 1 (G 1 ,F) = 0. 

(b) If J C n satisfies (Al) and (A2), then 

(i) H 2 *(G 1 ,F)(- 1 )^ J F[AA($o)]; 

(ii) H 2 ' +1 (G 1 ,F) = 0. 

Furthermore, these identifications are isomorphisms of rational G-algebras. 
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PROOF. Let w € W satisfy w($q) = $+. = $j, where J C II. An argument similar to that 
given in Chapter [5] can be applied with the functors 

Hom Gl (F,md^(-)) and 'md%f{ Pj)i (Hom (Pj)l (P, -)) 

(from Pj-mod to G/Gi-mod) to construct a hrst quadrant spectral sequence 

(7.3.1) = [R l md%(W ind| J u; • O)^)]^ ^ ff+^^CGi.P). 

Next, applying the Lyndon-Hochshild-Serre spectral sequence and the fact that ind p 7 w ■ is an 
injective (Lj)i-module, we conclude that 

(7.3.2) Hom (Lj)l (P,ind^ w ■ ® H j ((Uj)i, F)) = ^((P/^ind^ w • 0). 

In order to compute K'((Uj)i, F), there is a first quadrant spectral sequence of Pj-modules [FP1[ 
Prop. 1.1] (cf. also [JanTj I 9.20], which can be re- indexed): 

(7.3.3) P 2lJ = S\xx*j) {1) ® W (uj,F) H 2i+i ((r/»i,F). 

Here H-^u^P) is the ordinary cohomology of the Lie algebra u,/ or equivalently the cohomology 
EF (U(uj), F) of the universal enveloping algebra of uj. Since ind£ J w ■ is an injective (Lj)i-module, 
we can compose the spectral sequence in f|7.3.3[) with Hom^^j (P, ind^ J w ■ <g> — ) and use f|7.3.2[) to 
construct a spectral sequence: 

(7.3.4) P 2lJ = S 4 (u}) (1) (» Hom (i;)l (P, ind£ 7 w; • ® ff(uj,P)) H 2l+J '((Pj)i, ind^w • 0). 

Now using the same analysis as in Chapter |4] with the Steinberg module, we can conclude that 
(analogous to Theorem 14.3. ip 

Hom (i;)l (P, md B J w ■ ® tP(u./, P)) 

Therefore, the spectral sequence (|7.3.4[) collapses to a single horizontal row and yields: 



P if j = t{w) 
otherwise. 



H l ((P/)i,ind^ ■ 0) - ^-^(u})' 1 '. 

By using this isomorphism and assumption (Al), the spectral sequence (17.3.11) collapses to a single 
horizontal row, and we obtain part (a) of the theorem. For part (b), we simply use (A2) and Theorem 

□ 

Consider the case not covered in the preceding theorem which happens only when <E> is of type 
A n . This result encompasses the computation |AJ[ §6. A] when p = n + 1 (corresponding to m = 0). 

Theorem 7.3.2. Let G = SL n+1 (P), where F is an algebraically closed field of positive characteristic 
p. Assume that p > 3 and p \ n + 1 with n + 1 = p(m + 1). Let w 6 W be defined as in \4-8- 1\ ) by 
taking I =p. Then w(Qq) = // J C II satisfies (Al/, then 

(a) H 2 -(G 1; P)(-D - 0^ md% S^^^u}) ® zn t(m+1) ; 

(b) H 2,+1 (Gi,P) =0. 

Furthermore, these are all isomorphisms of rational G-algebras. 

Proof. The proof proceeds as for Theorem 1 7. 3. II More precisely, the discussion through (|7.3.4p 
holds here as well. In this case, however, we apply a result analogous to part (b) of Theorem 14.3.11 
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and conclude that 

F if j = £(w) 

pw t ( m+ i) 8 ptu(p_ t ) ( „ l+1) if j = £(w) + (m + l)t(p - t) 

for 1 < t < (p- l)/2 
otherwise. 

Consider now the spectral sequence (17.3.41) . This consists of (p + l)/2 non-zero rows in degrees 
£(w) + (m + l)t(p — t) for < t < (p — l)/2. Since t(p — t) is even, these non-zero rows all appear 
in degrees having the same parity. Since the non-zero terms appear only in even degree columns, and 
the differential d r has bidegree (r, 1 — r), all differentials are zero. Hence we conclude that 

U\(Pj) u md 1 sW 0) .0g ^« (u}) (D ® pwt(m+1) . 
t=o 

By using this isomorphism and assumption (Al)', the spectral sequence (|7.3.1[) collapses, and the 
theorem follows. □ 

7.4. Special cases 

When J consists of a single simple root the assumptions (Al) and (A2) were verified in |Th| Prop. 
7, proof of Thm. 2, Lemma 14], and (A2) has also been verified in }KLT| Thm. 6]. In this case AT($o) 
is the closure of the subregular orbit S ut>rcg which occurs precisely when p = h — 1. Consequently, 
we have the following corollary. 

Corollary 7.4.1. Let G be a simple algebraic group over an algebraically closed field F of positive 
characteristic p as above. Assume that p = h — 1. Then the following statements hold. 

(a) R 2 '(G u Fy-V =F[O subTCS ]; 

(b) H 2,+1 (G 1; F) =0. 

These identifications are isomorphisms of rational G-algebras. 

Using [Thj . it is possible to compute the cohomology algebra H*(Gi, F) for more general examples 
when J consists of pairwise orthogonal simple short roots. For such J, conditions (Al) and (A2) hold. 
Combining this with the previous corollary gives the following. 

Corollary 7.4.2. Let G be a simple algebraic group over an algebraically closed field F of positive 
characteristic p as above. Assume the following constraints on p: 

(i) p > h/2 if § is of type A n , C n , or D n , 

(ii) P > h/2 if<S> is of type B n , 
(hi) P > 7 if $ is of type Fa or E§, 

(iv) p > 11 if $ is of type E7, 

(v) p > 17 if $ is of type E$. 
Then the following statements hold. 

(a) tf'iGuFy-V^FMtPo)}; 

(b) H 2,+1 (Gi,F) =0. 

These identifications are isomorphisms of rational G-algebras. 

Recent results of Christophersen Thm. 1, Example 3.15] verify (Al) and (A2) for the group 
Eq when p > 5 for those subsets J C II listed in Appendix I A. 1\ which gives the following result. 

Corollary 7.4.3. Let G be a simple algebraic group over an algebraically closed field F having positive 
characteristic p > 5 as above. Assume that G has root system of type E§. Then the following 
statements hold. 



Hom (ij)l (F, ind^ w ■ ® ff(uj, F)) 
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(a) H 2 *(G 1 ,F)(- 1 ) -F[M(<f )}; 

(b) H 2,+1 (G!,F) ^0. 

Here the subset $o = &o,p is explicitly described in Appendix A.l. These identifications are isomor- 
phisms of rational G-algebras. 

With the assistance of undergraduate students at the University of Wisconsin-Stout, particularly 
J. Mankovecky, the original computer program written by Christophersen [Cj Appendix A] for root 
systems of type E e has been extended to arbitrary types; see |BMMRj . With the aid of this program 
and the algorithm in [Cj Example 3.15], condition (Al) can be verified in Type £7 when p > 7 for 
those subsets J <ZU listed in Appendix IA.1I 
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Support Varieties over for the Modules V((A) and A^(A) 

In this chapter we return to the small quantum group uq in characteristic 0. We apply our results 
on the cohomology of the small quantum group to obtain information on the support varieties of the 
modules Vf(A) and Af(A). We will first compute the support varieties of the (quantum) induced 
modules V^(A). Later, using this calculation, we will show that V B (A<;(A)) = V B (V,;(A)) for all 

8.1. Quantum support varieties 

We will assume that I satisfies Assumption 1 1 . 2 . 21 In what follows, we let 

R := R 2 '(u c (g), C) rod = H 2 '(u c ( ), C)/rad(H 2 > c (fl), Q), 

the quotient of the (even) cohomology algebra by its (Jacobson) radical. We have proven that R 
is a commutative finitely generated C-algebra. Moreover, if M and N are finite dimensional itf($j)- 
modules, then Ext* r g \(M,N) is a finitely-generated i?-module. Let Jm.n be the annihilator of the 
action of R on Ext* r g )(M, N), and set V g (M, N) equal to the maximum ideal spectrum of R/Jm,n- 
The variety V S (M, N) is called a relative support variety of M. This variety is a closed, conical 
subvariety of the variety V B := V (C, C). The support variety of M is V B (M) := V g (M, M). We note 
that if M is a £7f(fj)-module then V B (M) is stable under the adjoint action of G. 

In the generic case (cf. Theorem ll.2.3f b)fi')') our computation of the cohomology algebra shows 
that V B identifies with A/"($o) where A/"($o) is the subvariety of Af defined in f| 1 . 2.2[) . We will prove 
that this also holds in the non-generic case, but we will need to use more sophisticated techniques to 
verify this. 

8.2. Lower bounds on the dimensions of support varieties 

Let A € X and let $a = {a <G $ : (A + p, a v ) e IZ}. Using the notation of Section 2.10, 
let V^(A) = H°(A) denote the ^(g)-module induced from the one dimensional Uq (b)-module C\ 
determined by the character A. In what follows, we will consider V^(A) to be a u^(g)-module by 
restriction. 

The first observation to make is that one can find a lower bound on dim V B (V^(A)) which is not 
dependent on whether / is good or bad. 

Proposition 8.2.1. Let\eX + . Then 

dimV B (V c (A))>|$|-|$ A |. 

Proof. One can use the proof given in jUGA31 §2, Corollary 2.5] by replacing G\ with uq (q) 
(resp. Bi by u c (b)). However, we should remark that V b (V c (A)) C V B (V C (A)) n u. Since V B (V C (A)) 
is a G- variety (i.e., a union of G-orbit closures), one can use a result of Spaltenstein (cf. |Humll 
Proposition 6.7]) to conclude that dim V[,(V^(A)) < \ dim V B (V^(A)). For the quantum case, one 
should now replace the last line in jUGA3[ Corollary 2.5] by 

dimV B (V c (A)) > 2dimV 6 (V c (A)) > 2(|$+| - |$+|) = |$| - |$ A |. 
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□ 

8.3. Support varieties of V^(A): general results 

We can now present a result which allows one to compute the supports of induced/Weyl modules 
Vf(A), A^(A) provided that it is possible to ^-conjugate the stabilizer set $a into a subroot system 
$,/ which is generated by a set J of simple roots. The methods used will be those provided in 
[NPV[ Sections 5 and 6]. We outline some of the details of these arguments. For AgI, let Zq(X) — 
mc O(E>)^' These are finite dimensional modules having dimension ?'* + and are quantum analogs of the 
"baby Verma modules". Moreover, for A £ X + , let Lq(X) — soC[/ c ( ) Vf(A) be the finite-dimensional 
irreducible Uq (g)-module of highest weight A. 

Proposition 8.3.2. Let A £ X + , w £W. Then 

(i) V g (L c (X))£G-V s (Z c (wX)); 

(ii) V e (V c (\))CG-V s (Z ( (w\)). 

PROOF. For (i), we apply the arguments given in |NPV[ Section 5]. Using the proofs one can 
show that 

V g (H l c (w \w\))CG-V g (Z c (w\)) 

for all w £ W. Note that these proofs make use of the relative support varieties V g (M, N). With 
the aforementioned inclusion of support varieties, (ii) follows by using induction on the ordering of 
dominant weight (cf. [NPV1 (5.6.1) Theorem]). □ 

Proposition 8.3.3. Let /i £ X such that (// + p, a v ) £ 17L for all a £ J. Then 

V fl (Z c (/i))CV Uj . 

Proof. Let pj be the parabolic subalgebra associated to J where pj = \j © uj. Here lj is the 
Levi subalgebra and u,/ is the unipotent radical of pj. Set Z^(p,) = ind^^/i where bj is a Borcl 
subalgebra of lj. We can make ZHp,) into a (pj)-module by letting u^(uj) act trivially. Then 

Z c ( M )-in<$^<(M)- 

By the standard Frobenius reciprocity argument (cf. |NPV| Prop. (2.3.1)]), V s (Z^(fj,)) C V Pj {Z^{p)). 
For any M^(g)-module M, we have the following commutative diagram 

H 2 > C ( PJ ),C) H 2 > c ( Uj ),C) 

(8.3.1) ^ y 

E< c(pj) (M,M) — y+ Ext: c(uj) (M,M) 

Here j = — ® M, S = — ® M, and the bottom horizonal restriction map is labeled /?. Now set M := 
The action of u ( (u, } ) on Z C J (^) is trivial, thus Ext* c(uj) (M, M) = Ext* c(uj) (C, C) <X> M* ® M. 
This shows that <5 is an injection. 

Under the hypothesis of the proposition (i.e., (fi + p, a v ) £ VL for all a £ J), we can conclude that 
Z^{\x) is projective as a (Ij)-module. By applying the Lyndon-Hochschild-Serre spectral sequence 
for u^(uj) normal in Uf(pj), we have 

E X t; c(pj) (M,M) S Ext; c(ttj) (M,M)«<(^). 

This also shows that (3 is injective. Therefore, ker(res) = ker(7). By definition Vp T (Z£ (/j,)) is the 
variety associated to the ideal ker(7), and the image of the map V U; — > V v , is given by the ideal 
ker(res). It follows that V Pj {Z^ (//)) = V U/ . □ 
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The following two results (generalizing |NPV| (6.2.1) Thm.]) provide a description of the support 
varieties of the modules Vf (A) for A £ X+ in terms of closures of Richardson orbits. This is Theorem 
11.2.51 Observe that there are restrictions on I even in the case when I > h. 

Theorem 8.3.4. Let A £ X + . Suppose there exists w £ W such that w($\) = Qj, then 

V fl (V c (A))=G-u J . 

PROOF. Let w £W such that $ w .\ = w($\) = $j, and uj C Af($ ). Moreover, 

by using the proofs in Section 5.6 and 5.7. Therefore, V UJ — u,/. 
According to Proposition 18.3.21 11) and Proposition 18.3.31 

(8.3.2) V fl (V f (A)) C G ■ V s (Z c (w • A)) C G- uj. 

Now G ■ uj is an irreducible variety of dimension equal to |$| — = |$| — \<&\\. The statement of 
the theorem now follows by Proposition 18.2.11 □ 

Corollary 8.3.5. Let g be a complex simple Lie algebra and I be an odd positive integer which is 
good for $. If X £ X + , then there exists w £ W such that w(<&\) = for some J C II, and 
V fl (V f (A)) = G-uj. 

Proof. This follows immediately from Lemma l3~TTT1 and Theorem 18.3.41 □ 

8.4. Support varieties of A^(A) when I is good 

We will now show that V B (A^(A)) = V fl (Vf (A)) for all A £ X + . Recall that £<^(A) is the irreducible 
module which appears as the socle of V^(A). 

Theorem 8.4.6. Let q be a complex simple Lie algebra and I be an odd positive integer which is good 
for $. Let A £ X + , and choose J C II such that w{<$>\) — $j for some w £ W . Then 

(a) V B (L c (A))CG-u j; 

(b) V fl (A c (A))=G- Uj . 

Proof. We can prove part (a) by using induction on the ordering of weights. If /j, is linked under 
the dot action of the afnne Weyl group to A and is minimal among all dominant weights < A, then 
= V^(/z). Moreover, $ M is I^-conjugate to $a- According to Corollary 18.3.51 and the fact that 
^c(a*) = ^c(^) we have 

V B (L c ( M ))=V B (V c ( M ))CG-u, 7 . 

Now assume that for all pi linked to A with pi dominant and /i < A we have V g (L^(p)) C G ■ u,/. There 
exists a short exact sequence: 

-> L c (A) -> V C (A) -> N -> 

where N has composition factors < A and linked to A. Therefore, V B (N) C G ■ uj (by the induction 
hypothesis). If — ^ M\ — > M 2 — > M3 — > is a short exact sequence of finite-dimensional uq{q)- 
modules, it is an elementary fact that V B (M a m) C V B (A/ -( 2 )) U V s (M a ^) for any cr £ 63 |PW[ 
Lemma 5.2]. Therefore, 

V B (L C (A)) C V B (V C (A)) U V B (N) C G ■ u,/ U G • Uj C G ■ u, 7 . 

For part (b) first observe that all composition factors of A^(A) have highest weights which are 
strongly linked to A under the afnne Weyl group. By part (a) these composition factors have their 
support varieties contained in G • u,/, thus V B (A^(A)) C G • u,/. Since the characters of V^(A) and 
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A( (A) are equal, it follows that their graded dimensions are equal and one can apply the argument in 
Proposition 18. 2 .ll to show that 

dimV fl (A c (A)) > |$| - |4 A |. 
Now by the same reasoning provided in Theorem 18.3. 4[ we have V (Af (A)) = G ■ uj. 

□ 

8.5. A question of naturality of support varieties 

One fact that has not been established in the quantum setting is the "naturality" of support 
varieties. In particular for M a u^(g)-module we would like to have the following statement: 

(8.5.3) V b (M) = V g (M)nV b . 
In fact, one inclusion is true: 

(8.5.4) V b (M) CV g (M)nV b . 

The equality of support varieties (18.5.31) has been established in the restricted Lie algebra setting be- 
cause of the description of support varieities via rank varieties. We anticipate that this will eventually 
be established for quantum groups. 

Throughout the remainder of the paper, we will make the following assumption on naturality of 
support varieties for V fl (V(A)). 

Assumption 8.5.7. Given A G X + , V&(V(A)) = V B (V(A)) nV b . 

Clearly, the validity of (|8.5.3p implies the validity of Assumption 18.5.71 One key result which 
is needed for analyzing the bad I situation is a quantum analogue of an important result of Jantzen 
|Jan4l Prop. (2.4)]; see also |NPV1 Cor. (4.5.1)]. In its statement, given J C II, we set xj := J2a£j Xa > 
where ^ i a £ g a . We can take x = 0, by definition. 

Proposition 8.5.8. Assume that Assumption \8.5.7\ is valid. Let J C II and A G X+. Ifw($\)n$>j^ 
for all w G W, then xj V g (V c (A)). 

In order to prove this proposition, one can apply the machinery set up in [NPV] Section 4] involving 
relative support varieties and "baby" Verma module. However, in the proof of [NPV| Cor. (4.5.1)], 
the statement of Assumption 18.5.71 is a key ingredient in the proof. 

8.6. The Constrictor Method I 

In order to compute support varieties V fl (Vf(A)) when I is a bad and there does not exist w G W 
such that w($>\) — <I>j for some J C II, we need to utilize the "constrictor method" as presented in 
UGA3] to obtain upper bounds on the support varieties. Let O be an orbit in A/"($o)- The constrictors 
of O are the orbits contained in JV(&o) — O which are minimal with respect to the closure ordering of 
orbits in J\f. The following theorem holds in the quantum case as long as Assumption 18.5.71 is valid. 

Theorem 8.6.9. Let A £ X + . Assume that Assumption \8.57^ holds. Let O be an orbit inj\f(^> ) and 
{0i,C>2j • • • ,C S } be the set of constrictors of O. Assume that the following conditions are satisfied: 

(i) |$| - |$ A | > dimO; 

(ii) for i = 1, 2, . . . , s, Oi — G ■ xj i for some Ji C II; 

(iii) for i = 1, 2, . . . , s, w($\) n ^ for all w G W. 

Then V B (V C (A)) = O. 
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8.7. The Constrictor Method II 

In our computations, a more powerful method is necessary to force the containment of V fl (V^ (A)) 
inside the closure of an orbit. In the Lie algebra case it was enough to use Theorem lS. 6.91 because the 
constrictors had orbit representatives given by sums of simple root vectors. As we will see later this 
is not true in the quantum case. 

Proposition 8.7.10. Assume that O is a G-orbit in M ■ Let A G X and assume that 

(i) there exists w G W with w(<i>\) = <J>j with J C II, 

(ii) |$a| > codini/v O. 
ThenOr\V B {Z c (X)) = 0. 

PROOF. Suppose that O n V (Z C (X)) ^ 0. Now 

G-V B (Z c (X))c\JV B (V ( (w' -X)) 

where the union is taken over w' G Wi with w' ■ A G X + (cf. [NPVl Thm. (4.6.1)]). Therefore, 
O C V g (V c (y ■ A)) for some y €Wi because V B (V((y - A)) is G-stable. 

By assumption there exists w G W with w(G>x) = with J C II. Moreover, 

V B (Z C ( W -A))C UJ . 

Applying the methods in [NPVl Thm. (5.6.1)], we have 

V fl (V c (j/ • A)) C G ■ V s (Z c (w • A)) C G ■ uj. 



Therefore, 

On the other hand, 



codimjv' G • uj < codiniv O < \$\\. 
codim^ G-Uj = |$| - 2dimuj = = |$> 



We can now prove a generalization of Theorem 18.6.91 

Theorem 8.7.11. Let O be an orbit in Af($o) with O = G ■ Oi where Oj is an L]-orbit for some 
Jell. Let A G X + and assume that Assumption \8.57f\ holds. Suppose that 

(i) there exists y eW with y(&\) H <&/ = $,/ with J C 7, 

(ii) \w($\) n <5>/| > codim A r (i J ) 0/ /or a/Z to G W. 
T/ien On V fl (V c (A)) = 0. 

PROOF. Suppose that \w($\) n $/| > codimyv-(t x ) 0/ for all w G W. It follows from Proposi- 
tion E73D] that C/nV [f = for all to G TU. Therefore, 0/ n Vr T ■ A)) = 0, and 
OjnV 8 (ffi w g^ ( ( wA)) = (cf. [NPVl Prop. (4.2.1)]). Consequently, O ^V s {@ weW Z c {w ■ X)) = 0, 
and by Proposition |S3J n V fl (V c (A)) =0. " □ 

8.8. Support varieties of V^(A) when I is bad 

Assume for the remainder of the paper that Assumption 18.5.71 holds for all A G X + . Under the 
assumptions stated at the beginning of the paper, the remaining cases that we are forced to consider 
are the following (arranged in the order of difficulty): 

• E% when 3 | I; 

• F4 when 3 | I; 

• £7 when 3 | I; 
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• Eg when 3 | Z; 

• Eg when 5 | I. 

Let $^ = {a v : a e $a}- Then $)( is a subroot system (cf. [Raj Defn. 12.1]) in the dual root 
system $ v . If T is a subroot system of $ v then let VT^r) be a the subgroup of the Weyl group (for 
$ v ) generated by the reflections in V. 

Our goal is to classify all <I>^ (or equivalently $a) such that $a is not W conjugate to $j for any 
JCI1. In this process we will use the Borel-de Siebenthal Theorem |Ka[ Thm. 12.1]: 

Theorem 8.8.12. Let $ be an irreducible root system, II = {ax, a 2 , . . . , a n } be a set of simple roots 
and ah = 2i=i ^i a i ^ e the highest root of Then the maximal closed subroot systems of $ (up to 
W conjugation) are those with the fundamental systems: 

(i) II — / where I consists of a subset of simple roots on where hi = 1, 

(ii) {—ah, a\,ai, . . . , a n } — I where I consists of a subset of simple roots where hi — p where 
p is a prime. 

Remark 8.8.13. In what follows, for a given A, if there does exist w € W and J C II such that 
w($\) = $,/, then V B (Vf(A)) is determined by Theorem IB. 3.41 

8.9. E 6 when 3 | I 

We will first proceed to classify all $a (or equivalently $Y) such that is not of the form w($j) 
for any w £ W and J C A. One can apply the Borel-de Siebenthal Theorem which describes maximal 
subroot systems via the extended Dynkin diagrams. For Eq there are three possibilities: $^ is a 
subroot system of either D$, Ai x A$ or A-i x x A^. 

One can immediately rule out D5 because this is a subroot system of the ordinary Dynkin diagram. 
In the other cases, where r = A\ X A5 or A2 X A2 X A% we have Zr/Z$^ has torsion prime to / so 
there exists w £ W such that w($\) = where / C IT(r). Here n(r) is a "set of simple roots" for 
the root system T given by the Borel-de Siebenthal Theorem. 

We can analyze both cases when r = A\ x A5 or A2 x A2 x A2 . First note that if the "additional 
simple root from the extended diagram" (cf. |Ka| p. 137]) is not in then C $ and <!>a is 
Vy-conjugate to Therefore, we can assume that / contains the additional simple root from the 
extended Dynkin diagram. We can conclude that the possibilities of non-conjugate $a to $j where 
Jen reduces to the cases when <I>a is possibly: 

(i) A 5 x At, 

(ii) A 3 x A\ X A\, 

(iii) Ax X Ai X Ai X Ai, 

(iv) A 2 x A 2 x A 2 . 

Further reductions can be made by arguing in the following way. For example, if $a is of type A5 x Ax 
then (A + p,o%) £ 3Z. Since (A + p,a)) £ 3Z for j ^ 2 this forces (A + p, 2a{) £ 3Z. Therefore, 
(A + p, «2 ) G 3Z which is a contradiction. 

If$A is of type A 3 xAxxAx then (X+p, 2a^ + 2o^) £ 3Z, thus (A+p,a2+a5) G 3Z. Furthermore, 
(A + /?, a^) G 3Z, so (A + p, + a][ + ag) € 3Z which is a contradition. One can argue in a similar 
way to rule out <I>a having type Ax x Ax x Ax x Ax. 

This reduces us to the case when <I>a is of type A2 x A2 x A2 which can be realized by the weight 
(I — 1)(1, 1,1, q— 1, 1, 1) where I = 3q. Moreover, we can use the calculations and Constrictor Method 
I as outlined in |UGA3I 4.2] to deduce the following result. 

Theorem 8.9.14. Let <l> be of type E§ and let 3 | I. If X £ X + and 4>a is not W conjugate to <&j for 
any JCII, then 
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(a) $a is of type A 2 x A 2 x A 2 ; 

(b) V a (V c (A)) = G(A 2 x Ax). 

8.10. F 4 when 3 | I 

We first apply the Borel-de Siebenthal Theorem which describes maximal subroot systems con- 
taining via the extended Dynkin diagrams. For F4 there are three possibilities: Ai x C3, B4 and 
A 2 x A 2 . We have to consider all three cases since the "additional simple root" in the extended Dynkin 
diagram is involved. In these cases, Zr/Z$^ has torsion prime to I so there exists w G W such that 
w($\) = $1 where / C n(r). 

We now analyze each of these cases and we only need to consider when the "additional simple 
root from the extended diagram" is in $/. We can conclude that the possibilities of non-conjugate 
$a to $,/ where J C II reduces to the cases when 4>> is possibly: 



W 




x 


At 


(ii) 


c 2 


X 


Ai 


(iii) 


Ai 


X 


Ai 


(iv) 


Ai 


X 


Ar 


(v) 


Bi 


5 




(vi) 


A 3 


I 




(vii) 


A 2 


X 


A 2 



Further reductions can be made by arguing in the following way. For example, if $a is of type 
C 3 x A 1 then (A + p,a%) G 3Z. Since (A + G 3Z for j = 2,3,4 this forces (A + p,2a\) G 3Z. 

Therefore, (A + p, a^) G 3Z which is a contradiction. One can argue in a similar way to rule out 
in cases (ii)-(vi). 

This reduces us to the case when $a is of type A 2 x A 2 . One can invoke Constrictor Method I as 
outlined in |UGA31 4.2] to deduce the following result. 

Theorem 8.10.15. Let <J> be of type F4 and let 3 | I. If A G X + and $a is not W conjugate to $j 
for any J C n, t/ten 

(a) $ A «s 0/ type A 2 x A 2 ; 

(b) V a (Vf(A)) = 0(Ai X I 2 ). 

8.11. S 7 when 3 | Z 

The Borel-de Siebenthal Theorem can be used to describes maximal subroot systems of E 7 con- 
taining $^ via the extended Dynkin diagrams. There are four possibilities: Eq, Ai x D 6 , A?, and 
A 2 x A 5 . The E 6 -case reduces us to looking at a subroot system of type A 2 x A 2 x A 2 . For the other 
three cases the "additional simple root" in the extended Dynkin diagram is involved. In the these 
cases, Zr/Z$^ has torsion prime to I so there exists w G W such that w{§\) = where / C II(r). 

We now analyze each of these cases and we only need to consider when the "additional simple 
root from the extended diagram" is in $/. We can conclude that the possibilities of non-conjugate 
<I>a to $j where J C II reduces to the cases when $a is possibly: 

(i) D 6 xA 1 , 

(ii) Ai x Ax x A 3 x At, 
(hi) Ax x Ax x Ax x Ax, 
(iv) Di x Ax x Ax, 

W At, 

(vi) A 6 , 

(vii) A 3 x A 3 , 
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(viii) A 2 x A 5 , 
(ix) A 2 x Ai x A 2 . 

The same type of arguments given in the E§ and F4 cases reduces us to looking at of type 
A 2 x A§ and A 2 x A 2 x A 2 . We need to now invoke the Constrictor Method II to deduce the following 
result. 

Theorem 8.11.16. Let $ be of type £7 and let 3 \ I. If X £ X+ and $a is not W conjugate to $j 
for any J C II, then either $a is of type A 2 x A5 or A 2 x A 2 x A 2 . 

(a) If$ x is of type A 2 x A 5 , then V fl (V c (A)) = Q(2 A 2 +A 1 ). 

(b) //$a is of type A 2 x A 2 x A 2 , then V„(V C (A)) = 0{A h + Ax). 

Proof. For part (a), we use Constrictor Method I (with constrictor 0(^.3)), and show that 
\w($\) n $j| > for all w £ W and <f>, 7 = A 3 . This was accomplished by using MAGMA jBCL IBCPj . 
In order to verify part (b), we use Constrictor Method I with the orbit 0(A' 5 ) and Constrictor Method 
II with the orbit 0(D 5 (ax) + Ax). In the latter case we verified that |u>($a) H $j| > 2 for all w e W 
and $j=D 5 x4i. □ 

8.12. E s when 3 | I, 5 | I 

First observe that we need to handle both cases simultaneously because there are cases when both 
3 I I and 5 | I. One can apply the Borel-de Siebenthal Theorem and for Eg there are five possibilities 
for maximal subroot systems: D$, A\ x Ej, Ag, A 2 x Eq, and A4 x A4. In all five cases, the "additional 
simple root" in the extended Dynkin diagram is involved. Furthermore, in the case D%, Ag, A4 x A4, 
Zr/Z$^ has torsion prime to I so there exists w S W such that w(Q\) = $7 where / C IT(r). For 
the other cases, Ai x Et, A 2 x Eq, we rely on our prior analysis for the Eq and £7 cases. 

Once again we analyze each of these cases and only need to consider when the "additional simple 
root from the extended diagram" is in $7. The possibilities of non-conjugate $a to $j where J c II 
reduces to the cases: 



(i) 


#8 


) 












(ii) 


D 6 


X 


Ax 










(iii) 


D 4 x 


A 3 










(iv) 


D 4 


x 


Ai 


X 


Ax 


1 




(v) 


Ai 


X 


Ai 


X 


A 5 






(vi) 


Ai 


X 


Ai 


X 


Ax 


X 


A s , 


(vii) 


Ai 


X 


Ai 


X 


Ax 


X 


Ax x 


(viii) 


Ai 


X 


E 7 










(ix) 


Ai 


X 


A 2 


X 


A 5 






(x) 


Ai 


X 


A 2 


X 


A 2 


X 


A 2 , 


(xi) 


A s 














(xii) 


A 5 


X 


A 2 










(xiii) 


A 2 


X 


A 2 


X 


A 2 






(xiv) 


A 2 


X 


E 6 










(xv) 


A 2 


X 


A 2 


X 


A 2 


X 


A 2 , 


(xvi) 


Ai 


X 


Ai 











We can use the prior arguments involving "finding additional roots" in $a to rule out cases (i)- 
(ix). This reduces us to the case when $a is of type (x)-(xvi). The following theorems summarize our 
findings. 

Theorem 8.12.17 (A). Let $ be of type Eg and let 3 | / or 5 | I. If A e X + and $ A is not W 

conjugate to $j for any J C II, then <&\ is of type 
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(i) Ai x A 2 x A 2 x A 2 , 

(ii) A 8> 

(iii) A 5 xA 2 , 

(iv) A 2 x A 2 x A 2 , 

(v) A 2 x E 6 , 

(vi) A 2 x A 2 x A 2 x A 2) 

(vii) Ai x A4. 

Theorem 8.12.18 (B). Lei $ fee of type E% and let 3 \ I or 5 | I. Suppose that A G X + and $ A is not 
W conjugate to $j /or any J C II. 

(i) //$ A is of type A 1 xA 2 xA 2 x A 2 ,th en V B (V C (A)) = C(S 8 (fe 6 )). 

(ii) //$ A lS of type A 8 , then V B (V C (A)) = Q(2 A 2 + 2A 1 ). 

(iii) //$ A is of type A 5 x A 2 , then V g (V c (A)) = Q(E e (a 3 ) + A x ). 

(iv) Ift> x is of type A 2 xA 2 x A 2 , then V B (V C ( A)) = OjEg+ Ai). 

(v) J/* A is of type A 2 x E 6 , then V B (V C (A)) = 0(2A 2 + AQ. 

(vi) //$ A zs 0/ type A 2 xA 2 xA 2 x A 2 , then V B (V C (A)) =Q {D 6 ). 
(vi) If$ x is of type A 4 x Aj, then V B (V C (A)) = <D{A± + A 3 ). 

Proof. The cases were verified by using Constrictor Methods I and II. For example, in case (iii), 
in order to get the inclusion of V (Vf(A)) in 0(E^(a 3 ) + A\), it suffices to show that V B (V^(A)) n 
0(E 6 (a 3 )) = and V B (V C (A)) n C(D 6 (a 2 )) = 0. From Theorem l8TTfl it is enough to prove that 
m$ A ) n $jj > 6 for all w £ W and $j x = E 6 , and \w($\) n $j 2 | > 4 for all w G W and $,/ 2 = D 6 
which was verified by MAGMA. □ 

8.13. Support varieties of A^(A) when I is bad 

We remark that given the computation of Vf (V^ (A)) for A € X + when I is bad, one can use the 
same ideas as in the proof of Theorem 18.4.61 to show that when I is bad then 

V B (V C (A))=V B (A C (A)) 

for all A e X+. 
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A.l. Tables I 

For each odd integer I > 1 which is not equal to a bad prime for the following tables give 
an element w € W and subset J C II such that w($o) = $j. In fact, the element w is chosen so 
that u;(4>q") = $j" , and identified by means of a reduced expression in terms of the simple reflections 
Si = s ai . Similar short-hand notation is used to denote the simple roots in J. Also given is the type 
of $o (or equivalently the Bala-Carter label for the nilpotent orbit A/"($o) = G ■ Uj, and the 
dimension of that orbit. 

Type F 4 : 



/ 


dimA/'( < f>o) 


$ 


w 


J 


orbit 


5 


40 


A 2 x Ai 


S2S3S4S2S3S2S1S2S3S1S2S3 


{1,3,4} 


^4(03) 


7 


44 


Ax x Ai 


S2S1S4S3S2S3S4S1S3S2S4S3S2 


{1,3} 


^4(02) 


9 


46 


A x 


S4S2S3S1S2 


{3} 


F 4 (ai) 


11 


46 


A 1 


S4S2S3S1S2S3S4 


{3} 


F 4 ( ai ) 


> 12 


48 










F A 



Type G 2 : 



I 


dimM(^o) 


$0 


w 


J 


orbit 


5 


10 


Ax 


S2S1 


{1} 


G 2 (ai) 


> 6 


12 










G 2 



77 
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Type E 6 : 



I 


dimW^o) 


$ 


J 


orbit 


5 


62 


A 2 x A\ x A\ 


{1,2,3,5} 


A 4 + Ai 


7 


66 


Ai x A 1 x i4i 


{2,3,5} 


£5(03) 


9 


70 


Ai 


{4} 


E 6 ( ai ) 


11 


70 


Ai 


{4} 


Ee(ai) 


> 12 


72 











I 


10 


5 


S4S3S2S1S5S4S2S5S6S3S5S6S2S4S1S3S4S3S2S1S4S3S1S4S3S2S1 


7 


S4S2S1S3S4S6S5S4S3S6S1S5S3S2S4S6S5 


9 


S3S1S2S5S4S6S5S3 


11 


S5S6S2S3S4S5S1S3S4S2 



Type E 7 : 



I 


dini7Vi($ ) 


$0 


J 


orbit 


5 


106 


A 3 x A 2 x A x 


{1,2,3,5,6,7} 


A4 + A2 


7 


114 


A 2 x A± x Ai x Ai 


{1,2,3,5,7} 


A e 


9 


118 


4i x Ai x i! x Ai 


{2,3,5,7} 


E 6 ( ai ) 


11 


120 


Ai x 4i x Ai 


{2,3,5} 


E 7 (a 3 ) 


13 


122 


Ai x 


{4,6} 


E 7 (a 2 ) 


15 


124 


A x 


{1} 


E 7 ( ai ) 


17 


124 


A x 


{1} 


E 7 ( ai ) 


> 18 


126 








E 7 



I 


w 


5 


S4S5S3S2S4S2S3S1S3S6S5S4S3S5S6S5S3S2S4S2S3S2S4S6S5S4S7S6S4S3S5S6 


7 


S4S2S3S 6 S 5 S4S( i S 3 SlS2S 5 S4S 3 S 7 S & S 5 S4S2 


9 


S4S2S5S4S1S6S5S3S4S5S2S3S4S7S6S1S2S3S4S5S6S7 


11 


S4S3S2S5S6S5S7S6SlS3S4S2S3S5S4S3SlS2S6S5S4S3 


13 


S7S5S6S2S3S4S5SlS2S 3 S4S 5 S 6 S7SiS2S3S4S5S6 


15 


S3S 4 S2S 5 S4S 3 S( i S 5 S4S 2 S 7 S 6 S 5 S4 


17 


S 3 S4S2S 5 S4S 3 S6S 5 S4S 7 S 6 S5S2S4S3Si 
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Type E 8 : 



I 


dimA/^o) 


$ 


J 


orbit 


7 


212 


A4 x A 2 x Ai 


{1,2,3,5,6,7,8} 


A 6 + Ax 


9 


220 


A 3 x A 2 x A x 


{1,2,4,6,7,8} 


E 8 {h) 


11 


224 


A 2 x A 2 x A x x Ai 


{1,2,3,5,7,8} 


E s (a 6 ) 


13 


228 


A 2 x A\ x A\ x A\ 


{2,3,5,6,8} 


E s (a 5 ) 


15 


232 


A x x A x x A x x Ax 


{1,4,6,8} 


E$(a 4 ) 


17 


232 


Ax x Ax x Ax x Ax 


{2,3,5,7} 


E$(a 4 ) 


19 


234 


Ax x Ax x Ax 


{2,3,5} 


Eg(a 3 ) 


21 


236 


Ax x Ax 


{6,8} 


Es(a 2 ) 


23 


236 


Ax x Ax 


{6,8} 


E s (a 2 ) 


25 


238 


Ax 


{1} 


E 8 {ax) 


27 


238 


Ax 


{1} 


E 8 (ax) 


29 


238 


Ax 


{1} 


E 8 (ax) 


> 30 


240 








Eg 



I 


w 


7 


S4S 3 S 2 S4S 5 S i S 2 SxS 3 SxS 4: S 2 S 3 S 5 S4S 6 S 5 S4 : S3SxS 2 S4 : S 3 S 7 S 6 S$S 7 S 5 




S4S 2 S 6 S 5 S 4 S 3 S4S 5 S 6 S 7 S 6 SsS 7 SsSxS 3 S 2 S4S 5 S 6 S4SxS 3 S 2 S4SxS 2 S 3 


9 


S5S 6 S i S 5 S 2 S4S 3 S4 : S 5 S 6 SxS 2 S 3 S4S 2 S 5 S4S 3 S4S 2 S e S 5 S4 : S 7 S e S 5 S$S 7 S e SxS 3 




S4S2S 5 S4S 3 S4S 5 S & S 5 S4SxS 2 S 3 S4S 5 SxS 3 S4S 7 S 6 S 5 S 2 S4S 5 S 6 S 7 SxS 2 S 3 S4S 5 


11 


S4S 2 S 5 S 3 S4S 3 S 2 S 6 S 5 S4S 2 S 7 S 6 S 3 S 5 S4S 5 S e S 7 SxS 3 S4S5S 2 S4SeS5Ss 




S 7 S 6 S 7 SxS 3 S4S 5 S 2 S4S 2 S 6 S 7 S 3 SxS 3 S4S 2 S 5 S4S 3 S4S 3 SxS 3 S$S 7 S 6 S 5 


13 


S4S 2 S 3 S4S 5 S 7 S 6 S R S 7 S 5 S4S 2 S 3 S4SxS 3 S4S 2 S 5 S4S 3 SxS 2 S 6 S 5 




S4S 3 S 2 S 5 S4S 3 SxS 7 S 8 S & S 5 S 7 S 6 S4S 2 S 5 S 3 S4S 5 S 2 S 6 S 3 SxS4S 3 


15 


S 3 S4S 2 S 5 S4S 3 S 6 S 5 S4S 7 S 8 S 6 S 5 S 7 S( i S2S4S 5 S 2 S4S 6 S 7 S 5 S 6 SxS 3 SsS 7 




S4S5S 3 S4SxS 3 S 6 S 5 S4S 2 S 7 S 6 S 5 S 8 S 3 S4S 2 S 5 S4S 3 S 6 S 5 S4S 2 S 7 S 6 S 5 S4 


17 


S4S 2 S 5 S4S 6 S 5 S 7 S 6 SxS 3 S4S 2 S 5 S4SsS 7 S e S 5 S 3 S4S 2 SxS 3 S4S 5 SeS 7 SsS4S 5 S 6 S 7 S 2 S4S 5 S 6 SxS 3 S4 




S 2 S 5 S4S 3 SxS 8 S 7 S4S5S 3 S4SxS 3 SeS5S4S 2 S 7 SeS5S4SsS 7 S 3 S4S 2 S 5 S4S 3 S 6 S 5 S4S 2 S 7 S 6 S 5 S4S 3 Sx 


19 


S4S 2 S 3 S4SxS 3 S 6 S 5 S4S 2 S 7 S 6 S 5 S4S 3 SxSsS 7 S 6 S 5 S4S 3 S 2 S4S 5 S e S 7 S S S4S 5 S 3 S4 




SxS 3 S 6 S 5 S4S 2 S 7 S e S 5 S4SsS 7 S e S5S 3 S4S 2 S5S4S 3 S 6 S 5 S4S 2 S 7 S 6 S 5 S4S 3 SxSsS 7 


21 


S 7 S 6 S 5 S4S 2 S 3 S4S 5 S e S 7 SxS 3 S4S 5 S 6 S 2 S4S 5 S 3 S4SxS 3 S 2 S4S 5 S 6 




S 3 S4S 2 S 5 S4S 3 S 6 S 5 S4S 2 S 7 SaS 5 S4S 3 SxSsS 7 S 6 S 5 


23 


S 7 S 6 S 5 S4S 2 S 3 S4S 5 S 6 S 7 SxS 3 S4S 5 S(jS 2 S4S 5 S 3 S4SxS 3 S 2 S4S 5 S 6 S 7 S$ 




S 3 S4S 2 S 5 S4S 3 S 6 S 5 S4S 2 S 7 S 6 S 5 S4S 3 SxS$S 7 S 6 S 5 S4S 2 


25 


S 3 S4S 2 S 5 S4S 3 S 6 S 5 S4S 2 S 7 S 6 S 5 S4S 3 SxS$S 7 S e S 5 S4S 2 S 3 S4 


27 


S 3 S4S 2 S 5 S4S 3 S e S 5 S4S 2 S 7 S e S 5 S4S 3 SxS$S 7 S e S 5 S4S 2 S 3 S4S 5 S6 


29 


S 3 S4S 2 S 5 S4S 3 S 6 S 5 S4S 2 S 7 S 6 S 5 S4S 3 SxS S S 7 S 6 S 5 S4S 2 S 3 S4S 5 S 6 S 7 S$ 



so 



A 



A.2. Tables II 

The information listed below for the exceptional Lie algebras is used for justifying the arguments 
given in Section 1431 For each I, the element w € W referred to here is the w identified in the tables 
of Appendix lA.il All weights (e.g., w ■ 0) are listed in the weight (or w) basis. 

For a given J and w, the values of w ■ and —wo^j(w ■ 0) are listed. In the arguments of Section 
14. 91 a weight A and a sum of coroots <5 V are introduced. The values of A, (— wq,j(w ■ 0), <5 V ), and (A, £ v ) 
are listed. Finally, for the root systems of type E n , a third table lists the value of (—wq } j(w ■ 0),a v ) 
along with bounds on possible values for an inner product (%, a v ) for a G II \ J. The object x is 
introduced in Section [4.91 and represents various possible combinations of sums of positive roots. This 
information is only needed in the arguments of Section [4.9l for certain values of I, and only the relevant 
information is listed. 



Type F 4 : 



I 


J 


w-0 


-Wo,j(w ■ 0) 


(-w ,j(w-0),S v ) = (l-l)\J\ 


A 


<A,0 


11 


{3} 


(0,-6,10,-6) 


(0,-4,10,-4) 


10 


(0,-4,10,-4) 


10 


9 


{3} 


(1,-5,8,-5) 


(-1,-3,8,-3) 


8 


(0,-4,10,-4) 


10 


7 


{1,3} 


(6,-7,6,-6) 


(6,-5,6,0) 


12 


(4,-5,9,-3) 


13 


5 


{1,3,4} 


(4,-8,4,4) 


(4,-4,4,4) 


12 


(4,-4,4,4) 


12 



Type G 2 : 



I 


J 


w-0 


-Wo,j(w ■ 0) 


(-w o ,j(w-0),S^) = (l-l)\J\ 


A 


(A,^ v > 


5 


{1} 


(4,-3) 


(4,-1) 


4 


(4,-1) 


4 
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Type E 6 : 



I 


J 


w ■ 


—wo,j(w ■ 0) 


11 


{4} 


(0,-6,-6,10,-6,0) 


(0,-4,-4,10,-4,0) 


9 


{4} 


(1,-5,-5,8,-5,1) 


(-1,-3,-3,8,-3,-1) 


7 


{2,3,5} 


(-3,6,6,-11,6,-6) 


(-3,6,6,-7,6,0) 


5 


{1,2,3,5} 


(4,4,4,-10,4,-5) 


(4,4,4,-6,4,1) 



I 


(-w QJ (wO),S^ =(l-l)\J\ 


A 


(A,<5 V ) 


11 


10 


(0,-4,-4,10,-4,0) 


10 


9 


8 


(0,-4,-4,10,-4,0) 


10 


7 


18 


(-2,6,6,-7,6,-2) 


18 


5 


16 


(3,6,2,-6,6,-2) 


17 



I 


a 


fro?) 


(-w .j(w-0),a v ) 


7 


Oil 


-4 < * < 1 


-3 


7 




-7 < * < -6 


-7 


7 


a e 


-4 < * < 1 






Type E 7 : 



I 


J 


to • 


— woj(w ■ 0) 


17 


{1} 


(16,0,-11,0,0,0,0) 


(16,0,-5,0,0,0,0) 


15 


{1} 


(14,0,-10,0,0,1,0) 


(14,0,-4,0,0,0,0) 


13 


{4,6} 


(0,-7,-7,12,-13,12,-8) 


(0,-5,-5,12,-11,12,-4) 


11 


{2,3,5} 


(-6,10,10,-17,10,-6,0) 


(-4,10,10,-13,10,-4,0) 


9 


{2,3,5,7} 


(-5,8,8,-14,8,-8,8) 


(-3,8,8,-10,8,-8,8) 


7 


{1,2,3,5,7} 


(6,6,6,-14,6,-7,6) 


(6,6,6,-10,6,-5,6) 


5 


{1,2,3,5,6,7} 


(4,4,4,-15,4,4,4) 


(4,4,4,-9,4,4,4) 



I 


(-t«o lJ (i«-0),<5 v ) = (/-l)|J| 


A 


<A,<5 V ) 


17 


16 


(16,0,-5,0,0,0,0) 


16 


15 


14 


(16,0,-5,0,0,0,0) 


16 


13 


24 


(0,-5,-5,12,-11,12,-4) 


24 


11 


30 


(-4,10,10,-13,10,-4) 


30 


9 


32 


(-4,8,10,-11,8,-7,8) 


34 


7 


30 


(5,8,4,-10,8,-7,8) 


33 


5 


24 


(5,10,4,-10,3,0,5) 


27 



I 


a 


(x,a v ) 


(-wo t j(w ■ 0), a y ) 


15 


ct2, a 4 , a 5 , a e , a 7 


-10 < * < 12 





15 


a 3 


-15 < * < 4 


-4 


9 


OL\ 


-8 < * < 4 


-3 


9 




-13 < * < -6 


-10 


9 


a 6 


-12 < * < 


-8 
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Type £"8: 



I 


J 


w ■ 


-wo,j(w ■ 0) 


29 


{1} 


(28,0,-17,0,0,0,0,0) 


(28,0,-11,0,0,0,0,0) 


27 


{1} 


(26,0,-17,1,0,0,0,0) 


(26,0,-9,-1,0,0,0,0) 


25 


{1} 


(24,0,-15,0,0,1,0,0) 


(24,0,-9,0,0,-1,0,0) 


23 


{6,8} 


(0,0,0,0,-13,22,-25,22) 


(0,0,0,0,-9,22,-19,22) 


21 


{6,8} 


(2,0,0,0,-13,20,-21,20) 


(-2,0,0,0,-7, 20,-19,20) 


19 


{2,3,5} 


(-10,18,18,-29,18,-13,4,0) 


(-8,18,18,-25,18,-5,-4,0) 


17 


{2,3,5,7} 


(-14, 16, 16, -25, 16, -16, 16, -11) 


(-2, 16, 16, -23, 16, -16, 16, -5) 


15 


{1,4,6,8} 


(14, -10, -17, 14,-13, 14, -13, 14) 


(14, -4, -11, 14,-15, 14, -15, 14) 


13 


{2,3,5,6,8} 


(-7, 12, 12, -26, 12, 12, -21, 12) 


(-5,12,12,-22,12,12,-15,12) 


11 


{1,2,3,5,7,8} 


(10,10,10,-22,10,-18,10,10) 


(10,10,10,-18,10,-12,10,10) 


9 


{1,2,4,6,7,8} 


(8,8,-13,8,-24,8,8,8) 


(8,8,-11,8,-16,8,8,8) 


7 


{1,2,3,5,6,7,8} 


(6,6,6,-25,6,6,6,6) 


(6,6,6,-17,6,6,6,6) 



I 


(-w ,j(wO),S^) = (l-l)\J\ 


A 


<A,<S V ) 


29 


28 


(28,0,-11,0,0,0,0,0) 


28 


27 


26 


(28,0,-11,0,0,0,0,0) 


28 


25 


24 


(28,0,-11,0,0,0,0,0) 


28 


23 


44 


(0,0,0,0,-8,22,-21,22) 


44 


21 


40 


(0,0,0,0,-8,22,-21,22) 


44 


19 


54 


(-8,18,18,-25,18,-8,0,0) 


54 


17 


64 


(-7, 16, 16, -22, 16, -15, 16, -6) 


64 


15 


56 


(16, -5, -15, 16, -15, 16, -15, 16) 


64 


13 


60 


(-7,16,16,-21,7,8,-14,16) 


63 


11 


60 


(8,16,7,-21,16,-14,8,7) 


62 


9 


48 


(18,7,-16,10,-14,6,0,10) 


51 


7 


42 


(9,18,8,-21,6,0,0,9) 


50 



A. 2. TABLES II 



8.3 



I 


a 


(x,a v ) 


(-w 0t j(w ■ 0),o v ) 


27 




-18 < * < 20 





27 


a 3 


-27 < * < 4 


-9 


27 




-18 < * < 20 


-1 


25 


0L2, 014, CK7, Ot% 


-20 < * < 22 





25 


"3 


-27 < * < 6 


-9 


25 


a 6 


-20 < * < 22 


-1 


23 


Ql, a 2 , «3, «4 


-10 < * < 12 





23 


a 5 


-20 < * < 1 


-9 


23 


Q!7 


-26 < * < -14 


-19 


21 


Ql 


-14 < * < 16 


-2 


21 


0:2,03,0:4 


-14 < * < 16 





21 


05 


-24 < * < 6 


-7 


21 


o 7 


-26 < * < -9 


-19 


19 


Ql 


-16 < * < 1 


-8 


19 


04 


-25 < * < -24 


-25 


19 


o 6 


-16 < * < 1 


-5 


19 


07 


-10 < * < 12 


-4 


19 


as 


-10 < * < 12 





17 


ai 


-14 < * < 1 


-2 


17 


O4 


-25 < * < -18 


-23 


17 


a 6 


-20 < * < -8 


-16 


17 


as 


-14 < * < 1 


-5 


13 


01 


-17 < * < 5 


-5 


13 


04 


-24 < * < -13 


-22 


13 


a 7 


-22 < * < -3 


-15 


11 


04 


-24 < * < -15 


-18 


11 


a 6 


-21 < * < -5 


-12 
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